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Abstract. Abstract goes here We give a few existence results of a
weak-renormalized solution for a class of nonlinear Boussinesq systems:

% + (u-V)u—2div (u(@)Du) + Vp=F(0) inQx (0,T),
81)87(5)+u-Vb(0)7A6‘:2,u(0)|Du|2 in Q x (0,7),
divu=0 in Q x (0,7),

where u is the velocity field of the fluid, p is the pressure and 6 is the
temperature. The function p(f) is the viscosity of the fluid and the
function F'(0) is the buoyancy force which satisfies a growth assumption
in dimension 2 and is bounded in dimension 3. Usual techniques for
Navier-Stokes equations are mixed with the tools involved for renormal-
ized solutions.

1. INTRODUCTION

In this paper, we deal with existence of a weak-renormalized solution for
a class of nonlinear Boussinesq systems of the type:

% + (u- V)u—2div (u(0)Du) + Vp = F(0) in Q, (1.1)
8%(5) Fu-Vb(O) — A8 = 2u(0)|Du2  mQ,  (12)
divu=0 in Q, (1.3)

u=0and § =0 on X, (1.4)
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u(t =0) =wup and b(0)(t = 0) = b(hy) in Q, (1.5)

where ) is an open, Lipschitz and bounded subset of RY (N =2 or N = 3),
with boundary 9Q, T'> 0, Q = Qx (0,T), ¥p = 9Q x (0,T). The unknowns
are the displacement field u : Q x (0,7) — RY and the temperature field
0 : Qx(0,7) — R. The field Du = 3(Vu + (Vu)) is the so-called
rate-deformation tensor field. Equation (1.1) is the conservation equation of
momentum. In this equation, the quantities . and p respectively denote the
kinematic viscosity and the pressure of the fluid so that the stress tensor in
the incompressible fluid is given by the usual relation o = —plg + 2u(0) Du.
The right hand side of equation (1.1) is the function F'(f), where F' is a
force of gravity proportional to variations of density which depend on the
temperature. The function u is assumed to be continuous and bounded on
R. The function F is continuous from R into R, ug belongs to (L?(22))V,
with null divergence and up - n = 0 on 9€2. Equation (1.2) is the energy
conservation equation, in which the right hand side u(0)|Du|? is the dissipa-
tion energy. For this equation, the real valued function b is assumed to be a
strictly increasing C'-function defined on R, b(0) = 0 and ¥'(r) > o/ Vr € R,
for a constant o’ > 0, the initial data b(6y) belongs to L!(2). The Boussi-
nesq system (1.1)—(1.5) of hydrodynamics equations (see [6]), arises from
the coupling between a Navier-Stokes equation for the velocity and the pres-
sure and an additional transport-diffusion equation for the temperature [19].
Systems which couple the Navier-Stokes equation with temperature diffusion
are in particular studied in [12, 15, 16, 20, 21]. Nonlinear systems similar to
(1.1)—(1.5) but with a constant right hand side (compared to #) and b(#) = 6
have been in particular investigated in [7], [8] and [18]. In the particular case
where the dissipation energy is neglected, existence and uniqueness result of
a weak solution for system (1.1)—(1.5) (i.e. in the distribution meaning) has
been established in [11]. Density gradients in a fluid are induced, for exam-
ple, by temperature variations resulting from the non-uniform heating of the
fluid. One will find, for example, a presentation of assumptions, which make
it possible to justify the Boussinesq model in [1]. Let us emphasize that in
simpler models the function F' is assumed to be linear (or even bounded)
because of the linearization of the dependence of the density gradients with
respect to the temperature. The model studied in this paper is more general
than those which are described e.g in [1, 7, 8, 11, 18]. Indeed:

- the viscosity coefficient and the external forcing term are temperature-
dependent (with nonlinear dependence).

- the internal energy is also assumed to be nonlinear with respect to the
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temperature and this affects the time derivative term in the temperature
equation.

- there is a right hand side in the energy conservation equation which is
quadratic in the spatial gradient of the velocity field.

Existence of solutions of (1.1)—(1.5) is based on stability of equations (1.1)
and (1.2) if approximation arguments are used, or on the uniqueness of so-
lutions of these equations if one uses fixed-point arguments. We are thus
constrained to distinguish the case of dimension 2 of space (N = 2) from
dimension 3 (N = 3).

In the case of dimension 2, it is known that if F/(§) € L?(0,T; (H(Q))?),
then the Navier-Stokes equation (1.1) has a unique solution for ug € (L?(£2))?
and the dissipation energy p(6)|Dul|? is stable in L'(Q) with respect to ap-
proximations. The energy conservation equation (1.2) is thus placed natu-
rally within the L' framework. There are many works on parabolic equations
with L data (see e.g [3, 4, 9, 22]). To guarantee the uniqueness and the
stability of the solution of (1.2), we use the framework of renormalized so-
lutions which have these properties contrary to the weak solutions. This
notion has been introduced by R.-J. DiPerna and P.-L. Lions in [13] and [14]
for the study of Boltzmann equations (see also P-L. Lions [18] for applica-
tions to fluid mechanics models). This notion was then adapted to parabolic
version for equations of type (1.2) with L' data (see e.g [2, 5]). The type
of solutions which one obtains depends on the behavior of the function F'.
If, for example, F' is bounded, one obtains solutions for all given initial data
up € (L2(2))? and b(6p) € L}(Q). To study the case of more general func-
tions F, it is necessary to investigate the regularity of the solutions of (1.2).
Under the assumptions that we adopt on b, the renormalized solutions of
equation (1.2) satisfy the following regularities:

6 € L>(0,T; L*(Q)),

T
Vk:>(),//|DTk(9)|2d:ndt§Ok:,
0JQ

with Ty (r) =min(k, max(r,—k)) Vr € R. We show then in a first step
that 6 € L"(0,7;L%(Q)) with 1 < g < oo and r < _L; (a similar result
is shown in [23] for N > 2 but it cannot be used as such for N = 2). To
have F'(0) € L*(0,T; (H~1(£2))?), we are constrained to make the following

growth assumption on F":

Vr € R, |F(r)] <a+ M|r|%,
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with a > 0, M > 0 and 2« € [0, 3[. We then show in a second step that F'(6)
is identified with an element of L?(0,7T; (H~1(2))?) with

IE @)l 20,711 (02))2) < Cla+ 10107 19(2)))-

These arguments allow us, thanks to approximations of b and fixed-point
methods, to show that (1.1)—(1.5) has solutions for small initial data.

In the case of dimension N = 3, the uniqueness of solution of the Navier-
Stokes equation (1.1) and the stability of dissipation energy are open prob-
lems if 1o belongs only to (L?(£2))3. If, for example, ug € (H(Q))3, and F
is bounded such that [luol|(z1(0y)s + [ Fll(ze(r))> < 7, where 7 is a constant
small enough, we can then obtain the existence of a solution of (1.1)—(1.5)
with the same techniques that in the case N = 2.

The paper is organized as follows: Section 2 is devoted to introduce the
usual Navier-Stokes functional setting (according to the variational formula-
tion introduced by Leray [17] within framework of free divergence functional
spaces), to specify the assumptions on b, F, u, ug, 0y and b(6p) needed in the
present study and to the definition of a weak-renormalized solution of (1.1)-
(1.5). In Section 3, we describe the method used to prove existence of a
solution through a fixed-point argument with respect to the unknown 6. In
Section 4, we investigate the existence, uniqueness and stability of the solu-
tion of the parabolic problem (3.5)—(3.7) resulting from (1.1)—(1.5). We as-
sume in this section that w is given in L2(0, T’; (H} (€2))2)NL>(0, T; (L*(Q))?)
with div w = 0 and we will mainly used the results of [5]. In Section 5, we
deal with the existence of a solution of (1.1)—(1.5) for N = 2. We distinguish
four cases according to the values of a. For a = 0 (F' is bounded), we intro-
duce an approximate problem of the system (1.1)—(1.5) by regularizing the
function . We prove that this problem admits a weak-renormalized solution
for all initial data by using the Schauder’s fixed-point theorem. The exis-
tence of a weak-renormalized solution of the coupled system is then obtained
by passing to the limit in this approximate problem. For 0 < 2a < 1, we
introduce an approximate problem of the system (1.1)—(1.5) by regularizing
of the function F' by F*¢ (F*¢ being continuous and bounded). Then, we can
use the result of the first case (o = 0) to deduce that there exists a weak-
renormalized solution of this approximate problem for all initial data and
we will pass to the limit in this problem to obtain the existence of a solution
of (1.1)-(1.5). For the last cases where 1 < 2o < 2 and 2 < 2a < 3, we
introduce an approximate problem of the system (1.1)-(1.5) by regularizing
of the function b. For small initial data, the Schauder’s fixed-point theorem
ensures the existence of a weak-renormalized solution of this problem and
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we pass to the limit as in the preceeding sections. In Section 6, we deal with
dimension N = 3. In the particular case, where F' is bounded in L* and
up € (HE(Q))3, we prove the existence of a weak-renormalized solution of
the coupled system for small data F' and uqg.

2. ASSUMPTIONS AND DEFINITION OF A WEAK-RENORMALIZED
SOLUTION

Throughout the paper, we assume that the following assumptions hold
true: € is an open, Lipschitz and bounded subset of RV (N=2or N=3)
with boundary 0Q, T > 0 is given and we set Q = Q x (0,T) and X7 =
o0 x (0,T).

We introduce the usual Navier-Stokes functional setting:

C>(Q) = {u € C(Q;RY); div u = 0},
LP(Q) = closure of C°(Q) in LP(;RY),
HL(Q) = closure of C°(Q) in H}(Q;RY),
12(Q) = LP(0, T; L2(%),
when p > 1. We assume that the following assumptions hold true:

b is a strictly increasing C'-function defined on R such that b(0) =

V(r) > a'Vr € R for a constant o’ > 0,
 is continuous on R, such that mg < u(s) < m;,Vs € R

W N =
N—

with 0 < mg < mq,

F is continuous and satisfies the growth assumption: (2.4)
VreR |F(r)] <a+ Mlr|* witha > 0,M >0 and 0 < 2a < 3,
ug € (L*(Q))Y, div up = 0 and ug -7 = 0 on 99, (2.5)

f is a measurable function defined on Q such that b(fy) € L*(Q). (2.6)

In dimension N = 3 (Section 6), we adopt stronger assumptions than (2.4)
and (2.5) i.e. F is bounded in L™ (o = 0) and ug € (H}(Q2))3.

As usual, the pressure p is eliminated from the system (1.1)—(1.5). The
De Rham’s lemma [10] allows to recover this unknown. In the sequel we
study the following system:

831; +(u- V)u—2div (u(0)Du) = F() in (HL(Q),  (27)

for almost every t € (0,7),
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0b(0)

5 T -Vb(0) — AO = 2u(0)|Dul®*  in Q, (2.8)
divu=0 in Q, (2.9)

u=0and =0 on X, (2.10)

u(t =0) =wup and b(0)(t =0) = b(fy)  in Q. (2.11)

For any measurable function 8 defined on ), we consider the bilinear and
trilinear forms usually used in the weak formulation of the Navier-Stokes

equations:
E / auz auj)avj de
axj 63:1 ox;

=1

d(u,v,w) = Z/ujf)x w]daz—/(u Vv-wdzx,

tj=1 @
Yu,v € HL(Q),Yw € HL(Q) N LY(Q).
We recall that ag is continuous and coercive in H1(Q2) x HL(Q) for a.e.
t € [0,7] and that d is anti-symmetric and continuous in H}(Q) x H(Q) x
(Hy () N L7 ().

Definition 2.1. A couple of functions (6,u) defined on Q x (0,T) is called
a weak-renormalized solution of problem (2.7)-(2.11) if u and 0 satisfy:

u € L*(0,T; Hy(2)) N L*(0,T; L (1)), (2.12)
Tk (9) € L*(0,T; HY () for any K > 0 and b(9) € L°°(0,T; L' (Q)),
(2.13)
/ V(0)|DO|* dx dt — 0 as n — 400, (2.14)
{(z.t)eQin<[b(0)(w,0)|<n+1}

(ut, w) 2 () + ag(u, w) + d(u, u,w) = (F(0),w) Yw e HY Q)N LY (Q),

(2.15)
u(t =0) =wug a.e in , (2.16)

VS € C®(R) such that S" has a compact support, we have

83(;(9” + div(uS(b(8))) — div(S'(b(6))DO)
+ S"(b(6))Y(6)| DO = 21(8)| Dul’S' (b(6)) in D'(Q), (2.17)
S(b(9))(t = 0) = S(b(8y)) in Q. (2.18)
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3. THE FIXED-POINT ARGUMENT

In this section, we describe the (standard) method used to prove existence
of a solution through a fixed-point argument with respect to the unknown
f. Let us notice that it requires an additional assumption on the function b
(at least if one uses standard methods developed e.g in [5], see section 4).

Let L be a Lebesgue’s space of the type L = L"(0,7; L4(2)) (r,q > 1).
For a fixed 6 € L, let us consider the Navier-Stokes equations:

%: + (u-V)u — 2 div (u(9)Du) = F(9) in (H)(Q), (3.1)
for almost every t € (0,7,

divu=0 in Q, (3.2)

u=20 on X7, (3.3)

u(t =0) =up in Q. (3.4)

Suppose that (3.1)-(3.4) admit a unique solution u € L?(0,T; H}(£2)) so that
w(0)|Dul? € LY(Q). Indeed, this is the case if F() € L2(0,T; (H~1(Q))V).
Then, we consider the parabolic problem:

az(;(f) +u-Vb(0) — AG = 2,(0)|Du?  in Q, (3.5)
=0 on X, (3.6)
b(0)(t = 0) = b(6y) in Q. (3.7)

Assume that the hypotheses on the data insure that (3.5)—(3.7) admit a
unique renormalized solution . In order to apply a fixed-point argument, it
is first necessary to have 6 € L so that we can consider the mapping

1/):9—>é

from L into L.

As a consequence, the value of o must be such that the regularity of the
renormalized solution of (3.5)-(3.7) implies F(0) € L2(0,T; (H~1(Q))N).
This leads to different choices of L depending of the range of a. Secondly,
we use the stability of renormalized solution with respect to the data and the
stability of the quantity u(#)|Du|? (with respect to approximation processes)
to show that v is continuous and compact. At last, in order to show that
there exists a ball B of L such that ¢(B) C B, we distinguish two cases:
if 0 < 2a < 1, this is proved for any data satisfying (2.5)—(2.6), while if
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1 < 2a < 3, we are led to assume that a, [b(60)||11 () and [luol(L2(q)~ are
small enough.

4. THE PARABOLIC PROBLEM

In this section, we investigate the existence, uniqueness and stability of
the solution of (3.5)—(3.7). There are now a large number of papers on the
properties of renormalized (or entropy) solutions for this type of problems
(3], [4], [5], 9], [18], [22], [23]) and we will mainly used the results of [5]. We
assume in this section that u is given in L2(0,T; H:(2)) N L°°(0,T; L2())
with div u = 0. Moreover the function 6 is given in a Lebesgue space L so
that assumption (2.4) implies that f = pu(6)|Dul? € LY(Q). We prove the
following two lemmas (most of the results being standard).

Lemma 4.1. Under the assumptions (2.1), (2.2), (2.3) and (2.6), the prob-
lem (8.5)-(3.7) admits at least a renormalized solution. If V' is locally
Lipschitz-continuous, the solution of (3.5)-(3.7) is unique. Let b, be a se-
quence of C2-approzimations of b such that b.(r) > 0,Vr € R, b.(0) = 0,
and such that b. and b converge to b and b' uniformly on R as e tends to 0.

Let f¢ be a sequence of L'(Q). Let us denote by 0 the unique renormalized
solution of (3.5)-(3.7) with be and f¢ in place of b and 2u(0)|Du|?>. Then :
- if f€ is bounded in L'(Q), then there exists a subsequence of 65 such that

0° — v a.e. in Q, (4.1)
T (0°) — T (v) weakly in L*(0,T; H3 (), (4.2)

as € tends to 0, for any K > 0, where v is a measurable function defined on
Q.

- if f€ strongly converges to 2u(0)|Du|? in L'(Q), then there exists a subse-
quence of 6° such that

0° — 0 ae. inQ, (4.3)
T (0°) — Tx (0) strongly in L*(0,T; H} (), (4.4)

as € tends to 0, for any K > 0, and 0 is a renormalized solution of (8.5)-
(3.7).

The following lemma gives a regularity result of renormalized solution of
(3.5)—(3.7) for dimension N > 1.

Lemma 4.2. Under the assumptions (2.1), (2.2), (2.3) and (2.6), any
renormalized solution 6 of (3.5)—(3.7) satisfies the following estimates:
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-for N>1 and allp € [1, %[, there exists a constant C' (depending only
onp, N, Q, and T ) such that:

16110 (@) < C (I1(8) | Dul?|| 1 gy + 1b(B0) [ 1 (0)-

- for N =2, for all g,7 such that 1 < ¢ < oo, and 1 < r < qfql, we have

0 € L"(0,T; LY(2)), and there exists a constant C' (depending on T,r,q,Q)
such that

1011 (0.7 1) < C (|0(0) | Dul*|| 1 () + 116(60) || 21.(c))-

Proof of Lemma 4.1. The proof is almost identical of the one given in, e.g [5]
where the result is established for u = 0 and we just sketch the arguments
involving the term w - Db(é). Loosely speaking, this term does not affect
the estimates on b(é) and 6 since its contribution against test functions
of the type qﬁ(é) is equal to zero because div © = 0 and of the boundary
conditions (2.10). Indeed, the proof of Lemma 4.1 is performed through
approximation and passage to the limit. The functions p(#)|Du|? and 6y
are approximated by smooth functions. The function b is suppose to be
Lipschitz on R and, as in [11], the function u is approximated in L?(Q) by
a sequence u; € L>°(Q) N L2(Q) (then div u; = 0 in Q). The corresponding
problem indeed admits a weak solution 6; € L?(0,T; Hj(2)) with b(6;) €
L>®(0,T; L*()). To pass to the limit in the term wu; - Db(f;) with respect
to j is easy because (by standard argument) b(6;) — b(6) weakly in L%(Q)
(recall that b is also supposed to be Lipschitz-continuous on R), and u; — u
strongly in L?(Q). It follows that the approximate problem with respect of
b, 6y and u(0)|Dul? admits at least a weak solution 65 € L2(0,T; Hg ()
with b(6°) € L?(0,T; H}(Q)). As mentioned above, we can repeat exactly
the same procedure as in [5] to show that (for a subsequence):

6° — 0 ae. in Q, (4.

4.5)

T (0°) — Tx () strongly in L?(0,T; H} (), (4.6)

as ¢ tends to zero, for any K > 0, because the convection term wu - Db(0)
never contributes in all the derivations of [5] (see Lemma 1 and Theorem 1
of that paper). As a consequence, all we have to show here is firstly that the
“renormalized term” u- DS(b(0)) passes to the limit as ¢ tends to 0 for any
function S € C*°(R) such that S’ has a compact support and secondly that
the initial condition S(b(A))(t = 0) = S(b(6p)) holds true. Indeed, we have
w-DS(b(6°)) = u- S (b(Tr(6°)))V (Tr(6°)) DT (6°) for some k since S has a
compact support and V'(r) > o/ Vr € R (see (2.2)). Due to (4.5) and (4.6),
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the sequence u - DS(b(6°)) strongly converges in L'(Q) to u - DS(b(f)). To
recover the initial condition (3.7), we proceed again as in [5] upon remarking
that the term u - DS(b(6°)) is compact in L1(Q).

The stability and uniqueness results can be proved exactly as in [5]. O

Proof of Lemma 4.2. Any renormalized solution 6 of (3.5)~(3.7) satisfies the
usual estimates (see e.g. [2] and [5]))

/Q|DTK( )[Pdadt < K(]|u(0)[Dul| 11 (q) + 16(60) 1), (4.7)
and

15(0) || o< 0,721 (02)) < () DUl L1y + 16(B0) [l 21 - (4.8)

Estimate (4.7) and Lemma 1 of [2] gives that for any p € [1, %[, there
exists a constant C' (depending only on p, N, €, and T ) such that:

10120y < C (1@ Dul 1) + 16(00) |1 () ¥+ H<9||£V£2OTL1(Q)) (4.9)

Now, assumption (2.2) and estimate (4.8) give:

N 1
101 Lo (0,7521 () < o (10| Dul* || 11 () + 16(60) | 21 (62)) (4.10)

The first part of the Lemma 4.2 follows directly from (4.9) and (4.10).
Now, we turn to the proof of the second part of Lemma 4.2. A similar
result was shown in [23] in the case where N > 2.

Since 0 is a renormalized solution of (3.5)-(3.7) and in view of (4.7) and
(4.10), we have:

Hé”LOO(O,T;Ll(Q)) < M, (4.11)
VK >0 / |DTx (0) % de dt < K M. (4.12)
Q

Our goal is to show that there exists a constant C' independent on M such
that:

1011 (0.7 20(02)) < C M.
By Gagliardo-Nirenberg’s inequality and (4.11), we have:

/\TK( )y3dx<c/ T (0 |dx/\DTK(§)\2dx,
Q Q

< CM/ | DTk (0)|? dz,
Q
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for almost any ¢ in (0,7"), where C' is a constant depending on €.
This gives on the one hand:

meas{(z,t) : || > K} < Clj\é/ | DTk (0)|? du, (4.13)
Q

for almost any ¢ in (0,7).
On the other hand, estimate (4.11) leads to:

A M
meas{z € Q: 0] > K} < 7a (4.14)
for almost any ¢ in (0,7).
Now for any 0 < ¢ <1 we have for almost any ¢ in (0,7)
meas{z € Q: |0(x,t)|? > s} =
l1-0o

<meas{a: eQ:|0(x,t) > 5‘11}> (meas{:v e |0(x,t)| > 8‘11}>
In view of (4.13) and (4.14), we obtain:

1—o

S 4

A Jo|DT 4 (B)P dov o yp1-o
meas{x € Q: |0(x,t)[? > s} < CMU( 2 3 ) =
sa

from which we deduce that:

meas{z € Q: |0(x,t)|? > s} < CM(/ |DT é(é)Pdw) 1120 ,  (4.15)
Q s Tq

S 4

for almost ¢ in (0,7).
In the sequel, the proof of the lemma will be divided into three steps.

Step 1: ¢ = r. For any real number 1 < ¢, we write:

T T )
/ </ |9\qd:c> dt = / </ meas{z € Q: (0|7 > s} ds) dt,
0 Q 0 0

so that for any real number 3 > 0

T, T 08 A
/ / 10|%dz dt < / / meas{z € Q: 0|7 > s} dsdt
0JQ 0Jo

T oo
—|—// meas{z € Q: 0|7 > s} dsdt.

Due to (4.15), we obtain:

0|%dz dt < BT +CM D )|?d m—dsdt
\ |
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Fubini’s theorem and (4.12) then give

xdt < + 1 r— dt ds
//\qudd BT|9| CM///|DT (0))*d 3dd

<BT|Q|+CM2/ —st.

B sa

Since g < 2 because g =71 < q—l, then:

g
-1

q
Choosing 8 = M9 in the above inequality finally gives:

//yey‘Idxdt<M‘I(T|Q+ qu)

which establishes the second part of Lemma 4.2 in the case where r = q.

// 0|9dz dt < BT|Q| + CM?5

Step 2: g < r. For all real numbers 1 < ¢ and r > q, we write:

T N : T 00 ) :
/ (/ |9|qd$> dt = / </ meas{z € Q: (0] > s} ds) dt,
0 Q 0 0

so that for any positive real number 3, we have:

T ) 3 T, B R 3
/ </ |9|qd:v> dtg/ (/ meas{z € Q : |0/ >s}ds> dt
0o \Ja o \Jo
T 00 R g
+/ </ meas{z € Q: 0|7 > s} ds> dt.
0 B

Using (4.15) with o = 4 in the above inequality gives

T A g s T
/(/ ye|qu> dt < g5 |0)iT
0 Q

Writing for a real number v > 1

Lo IDT )P oy !
(/ |DT 1 (6))? dx> = ( . ir’y ) st E
saq

<
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for almost ¢ in (0,7") and using Holder’s inequality lead to

T ~ g T T
/</|9|qu> dt < Bi|QaT
0 Q

r—q

” 0o a T oof |DT;(é)|2dZL‘
+C M / % / / - o ds dt.
8 S[ng;(l*Q’Y)]f,q 0 8 gat?
r—q
q
Notice that in order to have [ J ;O M] < +00, we must have
sq’ T r—q

[% +1(1- q7)]7=; > 1. With the help of Fubini’s theorem and (4.12), the
above inequality gives

T ~ 2 T T
/(/ ]0|qu> it < 85|95 T
0 Q

r (1 & d =
+ CM1+q 7d8 * / % ! .
8 s7 8 S[g‘i‘;(l_Q'Y)],«_q

Since r < q%’l (by hypothesis of Lemma 4.2), then 1 + % + q% - g > 1 and
there exists a real number v such that 1 <~ <1+ % + q% — g which in turn
insures that [% + 11— V)i > 1.
For such a choice of v it follows that

T j|7”7q

a _qlyl(q_
/ T(/ ’é|qu>th§52!Q\ZT+CM”Z F _51[1 el
e =1 -l -

Choosing now 3 = MY, we conclude that

T r
/ ( / rewdw)thscw,r,q,N>Md
0 Q

which proves the second part of Lemma 4.2 in the case where g < r.

Step 3: r<gq. If ¢ < 2 then r < 2 and by Holder’s inequality and the
analysis of the first case, we obtain:

T r
/ </ |0|‘1dm> "dt < O(r,q,Q, T)M".
0 Q
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If ¢ > 2, Holder’s inequality implies that for 0 < o < 1

(1—o)r

(e s (o) ()™

for almost ¢ in (0,7"), which gives using (4.11)

1-0 r(q—0o)

/OT</Q|9|Qdm);dth‘?/ (/ 0= odm> U (4.16)

In what follows, we show that we can choose 0 < ¢ < 1 such that

1—c r(g—0)

T . q—c q—0 q
/ (/ |6 =7 dx) dt < CM. (4.17)
0 Q

To this end, recall that N = 2, so that Sobolev’s embedding theorem gives

P

[izc@ras<cwlon( [ipme@pa)’. @

for any p > 2.

Since for p = @ 29

—o)r

q— 2q

T (@)1 < [T @) - Ko7,

we have

10 r(g—0)

(/ ’TK 1 gdx>q<7 q < 5(1 U—* </ ‘TK ’pdl‘) ,

for almost any ¢ in (0,7).
In view of (4.18), we deduce that:

10 r(g—0)

</ Ty (0)]1=2 d:c) Y i ”‘)/ \DTw (0)? de,
Q

for almost ¢ in (0, 7).
With (4.12), it implies that for any K > 0

(A—o)r

/</|TK 1odx> "odt< oKi T
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Since r < %3, we can take o = I(r — 1) and Fatou’s lemma implies that

(4.17) holds true. Inserting (4.17) into (4.16) finally yields

T r
/ (/ ]9|qu>th<0(7,7“,q,N)Mr.
0 \JQ

This achieves the proof of Lemma 4.2. O

5. EXISTENCE OF A SOLUTION FOR N=2
This section is devoted to establish the following existence theorem:

Theorem 5.1. Assume that the assumptions (2.1)—(2.6) on the data hold
true. Then:

-if 0 < 2a < 1, there exists at least a weak-renormalized solution of problem
(2.7)-(2.11) (in the sense of Definition 2.1).

-if 1 < 2a < 3, there exists a real positive number n such that if a +
uoll(z2y2 + 16(00)llz1) < m, there exists at least a weak-renormalized
solution of problem (2.7)-(2.11) (in the sense of Definition 2.1).

Proof of Theorem 5.1. We use the fixed point-argument described in Section
3 and we distinguish four cases according to the values of a.
CASE 1: a=0.

For a fixed § € L'(Q), since F is bounded (o = 0), we denote by u the
unique weak solution of (3.1)-(3.4) in L2(0,T; HL(Q))NL>®(0,T; L2(Q)) (see
e.g [18] and [26]). As in Section 4, b. is a sequence of C2-approximations of
b such that b, is a locally Lipschitz-continuous on R and b. converges to o

uniformly on R as ¢ tends to 0. As a consequence of (2.2), we have
/

a
bl(r) > 5 Vr € R,

for € small enough. Then, for a fixed € > 0 small enough, we denote by
0° (see Lemma 4.1) the unique renormalized solution of (3.5)~(3.7) with b,
in place of b. The regularity of 6° (see Lemma 4.2) indeed implies that
0° € L'(Q). As a consequence we can take L = L'(Q) in Section 3.

For a fixed € > 0 small enough, we define the mapping;:

Ui LHQ) — LY(Q)
0 — 0° = 45(0).
The mapping ] is well defined. In the sequel, we will show that ] is

compact, continuous and that there exists a ball B of L'(Q) such that
¥5(B) C B,
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-i- 9] is compact. Let us consider a sequence 6,,, which is bounded in
LY(Q) and define the sequence 65 by

wi(9n> =0

By the definition of 9§, for a fixed n > 1, the functions u,, and éfl are the
unique solutions of the two problems:

agt” + (g - V)up — 2 div (u(0n)Vuy) = F(6,)  in (Hy)'(Q), (5.1)
for almost every ¢t € (0,7,
div un =0 in Q, (5.2)
up =0 on X, (5.3)
up(t = 0) = up in Q. (5.4)
and
~ ) )
abga(fn) +up - Vb (05) — AGE = 2u(6,)|Duy|?  in Q, (5.5)
éfm =0 on X, (5.6)
be(05)(t = 0) = b.(6o) nQ (5.7

(uy, is the usual weak solution of the Navier-Stokes equations (5.1)—(5.4) and

0¢ is the unique renormalized solution of (5.5)(5.7) given by Lemma 4.1).
Recalling the usual energy equation on the Navier-Stokes equations (5.1)—

(5.4) (which is obtained through using u,, as a test function in these equa-

tions) gives
/ | ()| dz + = / / )| Dt |? da dt (5.8)

// ) updrdt+ = /|uo| dx.

Using assumption (2.3), Poincaré’s inequality and Korn’s inequality then
lead to

T
Jun (t)[* dz + Vg |? dzdt < O (| F(0n)lIEr2q2 + lluollfrziayz)
Q 0 Ja

where C' is a constant independent of n.
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Due to the bounded character of F' (o« = 0), indeed the sequence F(6,,) is
bounded in (L>°(Q))2. We obtain the usual estimates (see e.g [11], [25] and
[26]):

u,, is bounded in L*(0,T; L2(Q)) N L*(0,T; HL(Q)), (5.9)
% is bounded in L2(0, T; (HL (Q))). (5.10)

In view of estimates (5.9) and (5.10), we can extract a subsequence (still
indexed by n) such that:

u, — u weakly in L?(0,T; H:(Q)), (5.11)
u, — u strongly in L2(Q), (5.12)
ou,  Ou . 9 SRy
o o weakly in L“(0,T; (H;) (),

as n tends to +o0o, where u is a function of L>(0,T; L2(Q))NL2(0,T; HL(Q2)).
It implies that:

11(6,)| Duy|? is bounded in L'(Q). (5.13)
In view of (5.13) and Lemma 4.2, we obtain:
05 is bounded in LP(Q)  Vp e [1,2]. (5.14)

Estimate (5.13) and Lemma 4.1 imply that, for a subsequence still indexed
by n, there exists a measurable function ¥ such that:

05 — ¥ almost everywhere in Q, (5.15)

b(65) — b(¥) almost everywhere in Q,
Tie(85) = Tie(9) in L2(0, T; HY(Q)),

as n tends to +o0o for any K > 0. In view of (5.14) and (5.15), we conclude
that: R

0% belongs to a compact set of LP(Q),
for every p such that 1 < p < 2, so that ¥5 : L'(Q) — L'(Q) is a compact
mapping.

-ii- 9{ is continuous. Let us consider a sequence 6, which belongs to

L'(Q) such that:

0, — 0, (5.16)

strongly in L'(Q) as n tends to 400, where 6 is a function of L'(Q). Let 62
and 6° be defined by:

U5 (0n) = 605, and ¥5(0) = 6.
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The sequence u,, is defined as in Step -i- and the function u is the limit
defined in (5.11)—(5.12). Since, due to (5.16)

F(6,) — F(0) in (L*(Q))*, (5.17)
w(0,) — p(0) ae. and in L°(Q) weak-*, (5.18)

as n tends to 400, we can pass to the limit in (5.1)-(5.4) and w is indeed
the solution of (3.1)—(3.4). Furthermore, it is well known that, since N = 2,
u satisfies the following energy equation

/yu t)*dx + = // (0)|Dul|? dz dt (5.19)
1
// udmdt+/|uo\2dx.

Passing to the limit in (5.8) and comparing with (5.19) we obtain (using
(5.18) and the fact that u, is compact in (L?(Q))?),

u, — u strongly in L%(0,T; H:(Q)),

as n tends to +o0o. Then

$1(0n)| Dug|* — pu(0)| Dul? strongly in L'(Q), (5.20)
as n tends to +0o. With the help of Lemma 4.1, we conclude that
05 — 6° ae. in Q, (5.21)

Tw(0;) — Tw(6%) in L*(0, T; Hy (),

as n tends to oo for a fixed € > 0 and for any K > 0, where 6° is the unique
renormalized solution of (3.5)—(3.7) (with b. in place of b). In view of (5.14)
and (5.21), we have

05 — 0°

strongly in LP(Q), for all p such that 1 < p < 2. As a consequence
0 — 0°

strongly in LY(Q).

-iii- There exists a ball B of L'(Q) such that ${(B) C B. We show
that there exists a real positive number R such that:

YF(LY(Q)) C Bri(g)(0, R).
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Let 6 be in L'(Q) and v € L(0,T; HL(Q)) N L>(0,T; L2(2)) be the unique
solution of (3.1)—(3.4). We have as in Step -ii-

T
/O /Q IDuf? dz dt < C(IF )220y + luollPpaga2)- (5.22)

where C' is a constant independent of 6.

Since F' and p are bounded, there exists a constant C' independent of 6
such that

11(8)| Dul?|| 1 () < C,
and it follows from Lemma 4.2 that there exists a constant C' independent
of 6 such that R
10°] L1 (@) < C.

For a fixed € > 0 small enough, Schauder’s fixed-point theorem and the
definition of %], permit to conclude that there exists a weak-renormalized
solution (0%, u®) of the following regularized problem:

3
5;; + (uf - V)uf — 2 div (u(0°)Duf) = F(6°) in (H})(Q), (5.23)
for almost every t € (0,7),

abf(es) € I3 € € €2 :
5t +uf - Vb (0°) — AO° = 2u(6°)|Dufl*  in Q, (5.24)
divu® =0 in Q, (5.25)
u*=0and §° =0 on X, (5.26)
uf(t = 0) = up and b.(6°)(t = 0) = b.(6p) in Q. (5.27)

Since the function F' is bounded on R, it follows that
uf is bounded in L°°(0,T; L2(Q)) N L0, T; HX(Q)),
€

ot

Upon extracting a subsequence we have
u® — u weakly in L*(0,T; HX(Q)),

is bounded in L%(0,T; (HL (Q))").

u® — u strongly in L2(Q),
as ¢ tends to 0, where u is a function of L°°(0,T; L2(Q2)) N L?(0,T; HL(Q)).
It implies that:
w(6°)|Duf|? is bounded in L'(Q),

and then (see Lemma 4.1) again for a subsequence still indexed by &

0° — 6 almost everywhere in Q,
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b-(6°) — b(#) almost everywhere in @,
Ti(6%) — Tie(68) in L3(0, T HY(%),

as € tends to 0, where 0 is a measurable function defined on Q. It follows
that u is the solution of the Navier-Stokes equations (2.15)—(2.16) and that,
proceeding as in Step -ii-,

w(6)| D — p(0)|Dul? in LHQ),
as € tends to 0. In view of Lemma 4.1, this implies that
T (60°) — Tx(0) in L*(0,T; Hy (),

as € tends to 0, where 6 is a renormalized solution of (3.5)—(3.7). As a
consequence, there exists a weak-renormalized solution (6, u) of the problem
(2.7)-(2.11)

CASE 2: 0 <2a < 1.
Let us proceed by approximation and passage to the limit. We replace
the function F' by F¢ = F oT1, for € > 0, and we consider the following

approximate problem

aau; + (u - V)us — 2 div (u(6°)Duf) = FE(0°) in (HL(Q)), (5.28)
for almost every t € (0,7),

‘%éfs) +uf - Vb(67) — AG° = 2u(6°)|Duf?>  in Q, (5.29)

divu® =0 in Q, (5.30)

u*=0and §° =0 on X, (5.31)

uf(t =0) = up and b(6°)(t = 0) = b(hp) in Q. (5.32)

The function F* being continuous and bounded, we apply the result of Case
1, so that there exists a weak-renormalised solution (6%, u®) of the approxi-
mate system (5.28)—(5.32). Using estimate (4.10) for 6°, we have

1
/Q\9E|(t)d$ < = (1O Dw 1) + 16(80) 12 2))-

Now, estimate (5.22) for u® gives

T
/0 /Q DU dedt < C(IF )20y + Nuolszc));
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where C' is a constant independent of €. Since p is bounded, using the growth
condition (2.4) on F' implies that

t
/\9€|(t)da;gcl// |0°|?“dz dt + co,
Q 0/

where ¢; and ¢ are two constants which do not depend on .
Since 0 < 2a < 1, Gronwall’s lemma shows that (6%).~o is bounded in
L>®(0,T; L*()) and as a consequence (F¢(67)).0 is bounded in (L?(Q))?.
Then

w(6°)|Duf|? is bounded in L'(Q).
Proceeding as in Step -i-, we deduce that for a subsequence still indexed by
€

u® — u weakly in L*(0,T; HX(Q)),

6° — 0 almost everywhere in Q.
It follows that F¢(6%) converges weakly to F(#) in (L?(Q))? and then u is
the solution of (2.15)—(2.16) and we have

w(0°)|Duf|? — pu(h)|Dul? strongly in L'(Q).
Applying Lemma 4.1, we deduce that
Tie(6°) — Tie(6) in L2(0, T3 HA(@)),

as € tends to 0, where 6 is a renormalized solution of (3.5)—(3.7). Thus, (6, u)

is a weak-renormalized solution of the problem (2.7)-(2.11).

CASE 3: 1 <2a < 2.

For a fixed § € L?**(Q), due to the growth assumption (2.4) on F, F(f) €
(L?(Q))? and again there exists a unique weak solution u of (3.1)-(3.4) in
L2(0,T; HL(Q)) N L*°(0,T; L2(2)). As in the case a = 0, for € > 0 small
enough, there exists a unique renormalized solution 6° of (3.5)~(3.7) with b,
in place of b. The regularity of 6 (see Lemma 4.2) implies that 0 € L*(Q)
because 1 < 2a < 2. As a consequence, we can take L = L?*(Q) in the
fixed-point argument of Section 3.

For a fixed € > 0 small enough, we define the mapping;:

U5 L**(Q) — L**(Q)
0 — 0% = 5(0)

We show that 15 is compact, continuous and that there exists a ball B of
L?**(Q) such that ¥5(B) C B.
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-i- 1§ is compact. Let us consider a bounded sequence 6,, in L?*(Q) and
define the sequence éfl by
U5 (0n) = 0y,
For a fixed n > 1, by definition of 5 the functions u,, and é,i are respectively
the unique solutions of the two problems (5.1)—(5.4) and (5.5)—(5.7). Due to

the growth condition (2.4) on F, the sequence F(f,,) is bounded in (L?(Q))?
and then

uy, is bounded in L>(0,T; L2(Q)) N L*(0,T; H:(Q)), (5.33)
aautn is bounded in L2(0,T; (HL)'(Q)).
This implies that
1(0,)| Duy|? is bounded in L'(Q). (5.34)

Proceeding as above with the help of Lemma 4.1 and Lemma 4.2, we deduce
that

~

67 is bounded in LP(Q) Vp € [1,2]. (5.35)
05 — ¥ almost everywhere in Q, (5.36)

as n tends to +oo. Since 1 < 2a < 2 from (5.35) and (5.36) we conclude
that .
6 belongs to a compact set of L**(Q) (5.37)

and 15 is compact.
-ii- 15 is continuous. Let us consider a sequence 6, of L?>*(Q) such that
0, — 0,
strongly in L?**(Q) as n tends to +o00, where 6 is a function of L**(Q). Let
05 and 6° be defined by:
¥5(0,) = 05, and ¥5(6) = 6°.
Since
F(6,) = F(9) in (L*(Q))%,
as n tends to 400, the corresponding sequence u,, given by (5.1)—(5.4) is

compact in (L?(Q))2. We can repeat exactly the same argument that led to
(5.20) to show that:

p(05)| Dun|? — ()| Duf? strongly in LN(Q),
as n tends to +co. By Lemma 4.1, we deduce that

65 — 6% ae. in Q, (5.38)

n
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Tw(0;) — Tw(6%) in L*(0,T; Hy (),

as n tends to oo for a fixed € > 0 and for any K > 0 , where 6° is the unique
renormalized solution of (3.5)—(3.7) (with b, in place of b). Since 1 < 2a < 2,
(5.35) and (5.38) give

0 — 0°
strongly in L?*(Q).

-ili- There exists a ball B of L?>*(Q) such that ¥5(B) C B. Let R
be a positive real number. We will show that if the data are small enough,
there exists Rg > 0 such that:

¥3(Br2e()(0, Ro)) C Brza () (0, Ro).

We assume that 6 belongs to Brza(g)(0, R). In what follows, C' denotes a
generic constant which depends on 2, T, m; and mg. We recall that u,
which belongs to L2(0,T; H:(2))NL*(0, T; L2(£2)) is the unique solution of
the problem (3.1)—(3.4), then we use u as a test function in (3.1), we obtain:

T
1/ ]u(t)|2dx+1//u(0)|Du2dxdt
2 Ja 2J)oJa

T 1
://F(0)~uda:dt+/ |luo|? di,
0Jo 2 Jo

1 T
/ |u(t)\2dx—i—mo// |Dul? dz dt
2 Ja 2 JoJa

T
1 2

which implies that

then

T T
mo/o /Q |Dul? dz dt < 2/0 IFO) | 22wl 2@y2 dt + [luollZq)-

(5.39)
In what follows, C' denotes a constant independent upon e, 6, F' and uyg.
Inequality (5.39) and Poincaré’s inequality lead to:

T T
mo/o/ngUFdiEdtSC/o IEO) |22 I Vull 2 )2 dt + [[wolltLe @z
(5.40)
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Young’s inequality, (5.40) and Korn’s inequality permit us to deduce that:

T
/O/Qypuﬁdxdt < CIFO)[1P120p2 + luollr2qy2)- (5.41)

In view of Lemma 4.2 and (5.41), we obtain

161 r () < C [HF(G)H%LQ(Q))Q +[uollfrzayyz + 10=(00) |10y | (5:42)
for all p such that 1 < p < 2. By the growth assumption on F, we have:
|F(0)% < 2(a® + M?|0]*¥) a.e. in Q,
and then
IF(0) 1122 < 2a° meas(Q)T + 2M2(16]|73. (5.43)
It follows that from (5.42) and (5.43):

1o < C [ meas(@)T + M20)%. o,

Cluol Pz + 16: 00 11 o ]

for all p such that 1 < p < 2. Because 1 < 2a < 2, we deduce that:
162 ) < € [ 0+ M0 g + ol + 10-Bolrco |

Since the sequence b.(fy) converges to b(fp) in L'() as ¢ tends to 0, it
follows that for example

réfupa(@sc[a2+M2w||%%a(Q+||uo|rL2 12+ 2[(60)]11 0 }(544)

for € small enough.
Now there exists a positive real number 1 > 0 and a positive real number
R(n) > 0, which do not depend upon ¢, such that if

a® + [[uol| {2 ayyz + 16080) |21y <, (5.45)
then
C | a® + M*R(1)* + [[uol| 122 + 2016(00) |1 () | < R(n).

As a consequence of (5.44) we conclude that if (5.45) holds true then
Y5(Br2ag)(0, R(n))) C Braa(g)(0, R(n)).
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Schauder’s fixed-point theorem and the definition of 15 imply that under the
condition (5.45) and for £ small enough, there exists a weak-renormalized
solution (0%, u%) of the following problem:

852 + (uf - V)uf — 2 div (u(0°)Duf) = F(°) in (H})(Q), (5.46)
for almost every t € (0,7),
b (6°) 5 .
5t +uf - Vb (0°) — AO° = 2u(6°)|Dufl*  in Q, (5.47)
divu® =0 in Q, (5.48)
u®*=0and 6 =0 on X, (5.49)
(5.50)

u®(t = 0) = up and b.(6°)(t = 0) = b.(6p) in Q,
such that:

5.50

1051 20 (@) < R()-

We now pass to the limit with respect to € in (5.46)—(5.50). Due to (2.4)
and from the above estimate the sequence F(#°) is bounded in (L?(Q))?
and we end the proof as in the case 0 < 2a < 1. As a consequence, under

the condition (5.45), there exists a weak-renormalized solution (6, u) of the
problem (2.7)—(2.11).

CASE 4: 2 <2a < 3.

Under this assumption on «, the fonction F'(6) can not be expected in
(L?(Q))? and we will use the uncoupled regularity of § with respect to t and
x given by Lemma 4.2. Let ¢ > a be a real number. For § € L?*(0,T; LI(2))
the growth assumption (2.4) implies that F(6) belongs to L%(0, T; (LP(92))?)
for any real number 1 < p < Z. Since N = 2, Sobolev’s embedding then
gives that

F(6) € L*(0,T; (H™1())*) (5.51)
with
IE @)l 20,7 z-1(02))2) < Cla+ 1017 0,7;L9(2)))- (5.52)

As a consequence of (5.51), for any 6 € L?*(0,T; L4(2)), the problem (3.1)—
(3.4) admits a unique solution u in L?(0, T; HX(2))NL>(0,T; L2(2)). Then,
by Lemma 4.1, the parabolic problem (3.5)—(3.7) with b replaced by b. admits
a unique renormalized solution 6° which satisfies the regularity of Lemma
4.2. As a consequence, in order to insure that 6° belongs to the same space
L?*(0,T; LI(Q)) than 6, it is sufficient to choose a < q < 2521 which is
possible since 2ac < 3. This leads to the choice L = L"(0,T; LY(Q2)) in the
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process described in Section 3 and to consider the mapping 5 for a fixed ¢
(small enough) defined by

w5 L7(0,T; LY(Q)) — L"(0,T; LY(Q2))
0 — 6° = 5(0).
In the sequel, we will show that 95 is compact, continuous and that there
exists a ball B of L"(0,T; LY(Q2)) such that ¢5(B) C B.

-i-)5 is compact. Let us consider a sequence §,, which is bounded in

L™(0,T; L9(2)) and define the sequence 65, by
@Z’%(‘gn) = éfz

For a fixed n > 1, the functions u, and é,i are respectively the unique
solutions of the two problems (5.1)—(5.4) and (5.5)—(5.7).

Since the sequence 6, is bounded in L"(0,T"; L(€2)), for any real number
1 < p < % the sequence F(6,) is bounded in L(0,T; (LP(£2))?) and then in
L2(0,T; (H~Y(Q))?) so that the sequence u, satisfies the estimates (5.33)-
(5.34) of the step -i- of Case 3. Using Lemmas 4.1 and 4.2 permits to obtain

05 — ¥ almost everywhere in Q, (5.53)
0% is bounded in L™ (0, T; L% (Q2)), (5.54)

for any couple (g1,71) such that 1 < ¢ <ocand 1 <7 < qlqil

¥ is a measurable function defined on @. Since we are at liberty to choose

g<q and 2o <1y < qlqil, we deduce that from (5.53) and (5.54)

and where

05 — o strongly in L"(0,T; LI(12)),
as n tends to +oo and 5 is a compact mapping.

-ii-¢)§ is continuous. Let us consider a sequence 6, of L"(0,T"; L(2))
such that:

0, — 0 strongly in L"(0,T; LY(2)),
as n tends to 400, where 6 is a function of L"(0,T; LI(Q)). Let 65 and 6°
be defined by:
¥5(0,) = 05 and ¢¥5(0) = 6°.

Due to the choice of ¢, the assumption (2.4) implies that the sequence
F(6,) is compact in L*(0,T; (LP(Q2))?) for any real number 1 < p < %.
Since the embedding L?(0,7T; LP(Q)) C L*(0,T; H~*(R)) is continuous it
follows that

F(6,) — F(0) in L*(0,T; (H1(Q))?). (5.55)
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as n tends to +0o. Now we can repeat the argument of the step -ii- of the
case @ = 0 by using (5.55) instead of (5.17) to pass to the limit in (5.8) and
we still have

p(0n)| Dun|* = (0)| Dul? in L1(Q),
as n tends to +00. We conclude that by Lemma 4.1 and Lemma 4.2
05 — 0° strongly in L"(0,T; LY(S)),

as n tends to oo, where for a fixed ¢ > 0, 6° is the unique renormalized
solution of (3.5)—(3.7) (with b, in place of b). Then ¢§ is a continuous
mapping.

-iii- There exists a ball B of L"(0,7; L%(2)) such that 5(B) C B.
We show that there exists a positive real number n > 0 and a positive real
number R(n) > 0, which do not depend upon ¢, such that if

a® + [[uoll{zzayyz + 18060) |21y <, (5.56)
then
Y5(Brea(g)(0, R(n))) C Braa(g)(0, R(n)).

We proceed as in the step -iii- of the case 1 < 2a < 2 upon replacing
||F(9)||(L2(Q))2 by HF(G)”LQ(O,T;(H—l(Q))Q) and we obtain

T
/0 /g'Dude dt < C(IF Oz 112 + [w0l{r2(@))2)-

Appealing now to Lemma 4.2 and to (5.52) gives

16| £ 0.7:2(02)) < C [a2+M2HGH%%(O,T;LQ(Q))+HUOH%L2(Q))2+Hbe(eo)HLl(Q) ,

with C' is a constant independent of &, ||0| - 1;re(0)), w0, M and 6.
Then the proof of the result is identical to that of the step -iii- of the case
1<2a <2.

Schauder’s fixed-point theorem and the definition of 5, permit us to
conclude that under the condition (5.56), there exists a weak-renormalized
solution (0%, %) of the regularized problem (5.46)—(5.50) which satisfies

0% L 0,759 (02)) < B(n),
for € small enough. With (5.52), we obtain
F(6°) is bounded in L*(0,T; (H(Q))?),
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so that

w(6°)|Duf|? is bounded in L'(Q).
As a consequence of Lemma 4.1 and Lemma 4.2 we deduce that for a sub-
sequence still indexed by ¢

0° — 6 almost everywhere in Q,

b-(0°) — b(0) almost everywhere in @,
T (6°) — Tk (6) in L*(0,T; Hy (),
10° 1 1 (0,501 (2)) < C(m),

where 6 belongs to L™ (0,7 L% (Q2)) for any (q1,71) such that ¢ > 1 and
1<rm< q1qi1‘
Proceeding as in the proof of the compactness of ¢§ leads to

0° — 0 in L?*(0,T;LY(Q)),
F(6°) — F(6) in L*(0,T; (H'(2))%),

and

u(09) D — p(9)|Dul? in LHQ),
as € tends to 0. Using again Lemma 4.1 permits us to conclude that: 6
is a renormalized solution of (3.5)—(3.7). As a consequence, there exists a

weak-renormalized solution (0, u) of the problem (2.7)—(2.11).
O

6. EXISTENCE OF A SOLUTION FOR N=3

In this section, we assume that F is a continuous and bounded function
from R into R3.

Theorem 6.1. Assume that (2.1), (2.2), (2.3) and (2.6) hold true. Assume
that F is a continuous and bounded function from R into R3, and ug €
(H} ()3 such that divug = 0 and ug - n = 0 on Q. There exists a real
positive number n such that if |[uoll g1y + I1F ]l (o) < n, then there
exists at least a weak-renormalized solution of the system (2.7)-(2.11) for
N =3 (in the sense of Definition 2.1).

Proof of Theorem 6.1. Since the proof relies on similar techniques to the
ones developed in the previous sections, we just point out how to modify the
arguments.

In a first step, we assume that o’ is locally Lipschitz continuous. The fixed-
point space is L = L'(Q). For a fixed 6 in L'(Q), it is known that there exists
1 > 0 such that if [luol| g1(q))s + [[F'll(zo®))s < 7, then the Navier-Stokes
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equations (2.7)—(2.11) admit a unique solution u € L*(0,T; (H}(22))3) N
L2(0,T; (H%(2))3) (see Theorem 3.11 of [26]). The unique renormalized
solution 6 of (3.5)(3.7) indeed belongs to L'(Q) (see Lemma 4.2).

We denote by 14 the mapping defined by:

vy LNQ) — LYN(Q)
0 — 0 = 14(0)

By the same arguments used in the preceding sections, particularly in the
case where @ = 0, we know that 14 satisfies the conditions of the Schauder’s
fixed-point theorem, which implies the existence of a weak-renormalized so-
lution (6, u) of the system (2.7)—(2.11) when b’ is locally Lipschitz.

In a second step, we regularize b by b. as in the previous sections. We recall
that for a fixed € > 0 small enough, b. satisfies the assumptions (2.1), (2.2)
and b’ is locally Lipschitz.

We consider the following approximate problem:

3
881; + (uf - V)uf — 2 div (u(0°)Duf) = F(°) in (H})'(Q), (6.1)
for almost every t € (0,7),

b (0°) 5 .
5t +uf - Vb (0°) — AO° = 2u(6°)|Dufl*  in Q, (6.2)
divu® =0 in Q, (6.3)
u*=0and §° =0 on X, (6.4)
(6.5)

uf(t =0) = up and b(6°)(t = 0) = b.(6o) in Q.

Since [luoll(m1(ays + I Fll(z=(r)? < n and according to the result of first
step, we know that for a fixed ¢ > 0 (small enough), there exists a weak-
renormalized solution (6, u®) of problem (6.1)—(6.5). Moreover the following
estimates hold true uniformly with respect to ¢ (see again Theorem 3.11 of
[26]):

uf is bounded in L*(0,T; H*(Q)),

uS
ot
Thanks to an Aubin’s type lemma (see e.g [24]), we may, then, extract a
subsequence such that:

u® — u strongly in L*(0,T; HX(Q)), (6.6)

is bounded in L*(0,T; (HL)'(Q)).
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as ¢ tends to 0, where u is a function which belongs to L>(0, T; (H(€2))3)N
L2(0,7T; (H%())3). Tt implies that:

w(6°)|Duf|? is bounded in L'(Q).

Then using Lemma 4.1, there exists a subsequence still indexed by ¢ such
that:

6° — 6 almost everywhere in Q, (6.7)
Tk (60°) — Tk (0) in L*(0, T; Hy (€2)),

as € tends to 0, where 6 is a measurable function. In view of (6.6) and (6.7),
we deduce that

u(6%) | Duf? — pu(6)|Dul? in LHQ),

as ¢ tends to 0. Thanks again to Lemma 4.1, this last result allows to
conclude that 6 is a renormalized solution of (3.5)—(3.7). As a consequence,
there exists a weak-renormalized solution (0, u) of the problem (2.7)—(2.11).

O

REFERENCES

1. C. Bernardi, B. Métivet, and B. Pernaud-Thomas, Couplage des équations de Navier-
Stokes et de la chaleur: le modéle et son approximation par éléments finis, RAIRO
Modél. Math. Anal. Numér., 29 (1995), 871-921.

2. D. Blanchard and O. Guibé, Existence of solution for a nonlinear system in thermo-
viscoelasticity, Adv. Differential Equations, 5 (2000), 1221-1252.

3. D. Blanchard and F. Murat, Renormalized solution for monlinear parabolic problems
with L' data, existence and uniqueness, Proc. Roy. Soc. Edinburgh Sect. A, 127 (1997),
1137-1152.

4. D. Blanchard, F. Murat, and H. Redwane, Existence and uniqueness of a renormal-
ized solution for a fairly general class of nonlinear parabolic problems, J. Differential
Equations, 177 (2001), 331-374.

5. D. Blanchard and H. Redwane, Renormalized solutions for a class of nonlinear para-
bolic evolution problems, J. Math. Pures Appl., 77 (1998), 117-151.

6. J. Boussinesq, “Théorie analytique de la chaleur,” Gauthier-Villars, Paris, 1903.

7. B. Climent and E. Ferndndez-Cara, Ezistence and uniqueness results for a coupled
problem related to the stationary Navier-Stokes system, J. Math. Pures Appl., 76
(1997), 307-319.

8. B. Climent and E. Fernandez-Cara, Some existence and uniqueness results for a time-
dependent coupled problem of the Navier-Stokes kind, Math. Models Methods Appl.
Sci., 8 (1998), 603-622.

9. A. Dall’ Aglio and L. Orsina, Nonlinear parabolic equations with natural growth con-
ditions and L' data, Nonlinear Analysis, 27 (1986), 59-73.

10. G. De Rham, “Varietés différentiables,” Hermann, Paris, 1960.



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

WEAK-RENORMALIZED SOLUTION 31

J.-I Diaz and G. Galiano, Existence and uniqueness of solutions of the Boussinesq
system with nonlinear thermal diffusion, Topological Methods in Nonlinear Analysis,
11 (1998), 59-82.

J. I. Diaz, J.-M. Rakotoson, and P. G. Schmidt, A parabolic system involving a qua-
dratic gradient term related to the Boussinesq approximation, RACSAM Rev. R. Acad.
Cienc. Exactas Fis. Nat. Ser. A Mat., 101 (2007), 113-118.

R.-J DiPerna and P.-L Lions, On the cauchy problem for Boltzmann equations : global
existence and weak stability, Ann. of Math., 130 (1989), 321-366.

R.-J DiPerna and P.-L Lions, Ordinary differential equations, sobolev spaces and trans-
port theory, Invent. Math., 98 (1989), 511-547.

E. Feireisl and J. Mélek, On the Navier-Stokes equations with temperature-dependent
transport coefficients, Differ. Equ. Nonlinear Mech. (2006), Art. ID 90616, 14 pp.
(electronic).

Y. Kagei, M. Ruzic¢ka, and G. Théter, Natural convection with dissipative heating,
Comm. Math. Phys., 214 (2000), 287-313.

J. Leray, Etude de diverses équations intégrales non linéaires et de quelques problémes
que pose lhydrodynamique., J. Math. Pures Appl., 12 (1933), 1-82.

P.-L. Lions, “Mathematical topics in fluid mechanics, vol. 1: Incompressible models,”
Oxford Lect. Series in Math. Appl. 3, Oxford, 1996.

J.-M . Milhaljan, A rigorous exposition of the Boussinesq approximations applicable to
a thin layer of fluid, Astronom. J, 136 (1962), 1126-1133.

J. Naumann, On the existence of weak solutions to the equations of non-stationary
motion of heat-conducting incompressible viscous fluids, Math. Methods Appl. Sci., 29
(2006), 1883-1906.

J. Necas and T. Roubitek, Buoyancy-driven viscous flow with L'-data, Nonlinear
Anal., 46 (2001), 737-755.

A. Porretta, Ezistence results for nonlinear parabolic equations via strong convergence
of truncations, Ann. Mat. Pura Appl., 177 (1999), 143-172.

S. Segura de Leén and J. Toledo, Regularity for entropy solutions of parabolic p-
Laplacian type equations, Publ. Mat., 43 (1999), 665-683.

J. Simon, Compact sets in the space LP(0,T; B), Ann. Mat. Pura Appl., 146 (1987),
65-96.

L. Tartar, “Topics in nonliear analysis,” Publications mathématiques d’Orsay, 1982.
R. Temam, “Navier-stokes equations, theory and numerical analysis,” North-Holland,
Amsterdam, 1984.



