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ABSTRACT. We consider a quasilinear equation (see (1.1)) with L! data and with a diffusion matrix
A(x, u) which is not uniformly coercive with respect to u (see Assumptions (H3)-(H4)). Under such
assumptions it is not realistic, in general, to search a solution which is finite almost everywhere.
We introduce two equivalent notions of solutions which take into account the possible values +oco
and —oo (see Definitions 2.1 and 2.3). Then we prove that there exists at least one such solution. At
last we establish an uniqueness result in the class of simultaneous infinite valued solutions.

1. INTRODUCTION

This paper is devoted to study a class of possibly degenerate elliptic problems of the type
{ —div(A(x,u)Du)=f inQ,

(1.1) u=0 onodQ,

where Q is a bounded open subset of RN (N=1),A(x,s)isa Carathéodory function with symmet-
ric matrix values and f belongs to L' (Q). For almost any x in Q, the matrix A(x, s) “strongly” de-
generates when |s| — +oo (with a kind of uniform dependence with respect to x; see assumption
(H3) and (H4)) so that we cannot avoid solutions of (1.1) (atleast obtained through approximation
processes) to reach the values +oco and —oo. A model case of (1.1) is to consider A(x, u) = (lil(%
where A(x) € L*°(Q) with 0 < 1y < A(x) almost everywhere in Q and m > 1. Such cases have
been examined in [1], [2] and [7] for f € LP(Q) (with p > N/2) and | fll1»q) small enough (with
also some extensions to nonlinear operators a(x, u, Du)). In these papers the assumptions on the
data lead to finite (almost everywhere in Q) solutions. In [1] the reader could find an example
where the explicit behavior of the bounded solution obtain for A f for A small (in a specific geom-
etry of ) is investigated when A increases. The authors show that there exists a critical value 1*
such that the solution u, reaches the value +oo for A > 1*. Let us emphasis that in the present
paper we propose a formulation which takes into account the possible values +oco or —oo for the
solutions.
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As an example, let us consider the very simple case where A(x, s) = a(s)I where a(s) is a pos-
itive continuous function defined on R with values in R and is such that ffo‘f a(s)ds < +oo (see
assumption (H3) and (H4)). Let a(¢) = fot a(s)ds which is then a ¢! bounded function on R. If one
formally rewrites (1.1) in this case as —Ad(u) = f in Q and u = 0 on 09}, there is no hope, even for
fe L2(Q), to find a solution u since indeed @(u) should be equal to the unique solution v € H(} Q)
of —Av = f and v is not in the range of a (in general). Now if one consider the approximate equa-
tion —div(a(zf)DuS +£Du£) =ffor fe LY(Q), we have a(uf)Duf +eDuf = Dvwhere Dv € LI(Q)
for any 1 < g < N(N —1). Moreover it is well known that any truncation Ty(v) of v belongs to
H}(Q). Since @ (uf) = v, where @ (t) = f4 a(s)ds + t, one has u® — u almost everywhere in
Q where u(x) = +oo if v(x) = sup,sq a(t), u(x) = —oo if v(x) < inf;<p a(?) and u(x) = @ (vx)
if v(x) belongs to the range of d. Then we have ljcq;:|uw)|<+00} DV € (L2 Q)N. Now for any
k = 0, passing to the limit as ¢ tends to 0 in the relation a(u®)D Ty (uf) = a?l%i =T, (u®)Dv leads
to a(u)DTy(u) = T, () Dv almost everywhere in Q\ {x € Q; |u(x)| = k}. Letting k tend to infin-
ity gives that Lixeq;|u)|<+o0} (W) DU = Nixeq; u(x)<+o0} DV almost everywhere in Q, which shows
that Nixeq; u(v)<+oo @) Du € (L2Q)N (because Nixeq;umi<+oot DV = ixeq;utmi<+oa DTm (V) €
(L?(Q)N for M large enough). This property remains true in the general case (1.1) under as-
sumption (H2)-(H5) (see 2.7)). The equation —Av = f is then written in terms of u as

(1.2) —diV[]l{xeg;\u(x)|<+oo}a(u)Du] —diV[]l{xeg;m(x)\:_,_oo}Dl}] =f inQ

but in general the term lixcq:|u(x)|=+00} DV can not be explicitly expressed in terms of u.

In this paper we propose two definitions of a solution for Problem (1.1). The first notion of
solutions (Subsection 2.2.1) uses a renormalized formulation of the equation, which is formally
obtained by using test functions of the form h(u)¢ in (1.1) where h has a compact support. As
usual two conditions on the asymptotic behavior of the energy when |u] is large with respect to
the subsets {x € Q; u(x) = +oo} and {x € Q; u(x) = —oo} are imposed (see conditions (2.2)-(2.3)).
As far as renormalized solutions are concerned we refer to [10], [9], [11], [12] and [13]. The second
notion of solution (Section 2.2.2) follows from a generalization of (1.2) through an evaluation
of the quantity div [1jxeq; u(|=+00}PV] in terms of two measures which are, loosely speaking,
supported by the two subsets {x € Q; u(x) = +oo} and {x € Q; u(x) = —oo} of Q (in this sense this
formulation is formally similar to the one used in [9]).

We first show that the two notions of solutions are equivalent (Section 3). Then, in Section 4, we
prove the existence of at least one solution under the assumptions (H1)-(H5). At last, in Section
5, we establish a partial uniqueness result : all the solutions which are infinite almost everywhere
on the same subset of ) are equal.

2. ASSUMPTIONS ON THE DATA AND DEFINITIONS OF A SOLUTION

2.1. Assumptions. We assume that the data of the problem (1.1) satisfy the following assump-
tions:

(H1) A(x,s) : Q x R— RV is a field of symmetric matrices with coefficients (A;;)1<;,j<n such
that A,;j(x, $)eL®(Q),VseR;

(H2) A;; is a Carathéodory function defined on Q x Rand Vk >0, A;j € L*(Qx] - k, k[);

(H3) there exists a positive function f € %Y (R) such that

[3(s)|€|2 <A(x, 8¢ VseR; Ve RY almost everywhere in Q;
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(H4) there exists a positive functiony € € () satisfying

+00
f Y(s)ds < +o0
—00
and such that
A(x,s)é- &< y(s)lélz, VseR; V& e RY almost everywhere in Q;

(H5) feL'(Q).

Remark that assumptions (H3)-(H4) imply that the operator —div [A(x, u) Du] is strongly de-
generated at both +oo and —oco. This means that, at least for solutions obtained through approxi-

mation, such solutions may reach the values +co and —oo. Indeed we can also deal with operators
which degenerate only at +oo or at —oo (see Remark 2.2)

2.2. Definitions of a solution. In this section we give two notions of solution for Problem (1.1)
and a few comments on these definitions. Let us first set a few notations. For any measurable
subset E of O, we denote by meas(E) the Lebesgue measure of E. For any measurable function v
defined on Q with value in Ru {+o0o} U {—oo} and for any s € RU {4+o00} U {—o0}, 1< (respectively
Iiy=g, 1) is the characteristic function of the set {x € Q; v(x) < s} (respectively {x € Q; v(x) =
sh, {x € Q; v(x) > s}). For any real number k = 0, Ti(s) is the truncation at height +k: Ti(s) =
max(—k, min(s, k)). For any n € N we denote by #,, the Lipschitz continuous function defined on
R by
hn(s) =1—Tp41(8) = Ty(s)l, VseR.

2.2.1. Renormalized solution of (1.1).

Definition 2.1. A measurable function u defined on Q with value in RU {+oo} U {—oo} is a renor-
malized solution of (1.1) if

2.1) Vk=0, Ti(w) e Hy(Q);

for any function ¢ € H& Q)N L*®°(Q) such that Dy =0 a.e. on {x € Q; u(x) = +oo}

2.2) lim fll{n<u<n+1;A(x,u)Du-Du(pdx=[ fodx;
Q {

n—-+oo u=+00}

for any function ¢ € H& Q)N L*®(Q) such that Do =0 a.e. on {x € Q; u(x) = —oo}

2.3) lim fgll{_(n+1)<u<_n}A(x, u)Du-Dmpdx:—f{ fodx;
u

n—+oo =—o0}
for any function h € W (R) such that supp(h) is compact, u satisfies the equation
(2.4) —div[h(wA(x, uw)Du| + ' (WA, u)Du-Du=h(w)f in2'(Q).

Comments on Definition 2.1. In (2.1), the Lipschitz continuous function T} is extended to RuU
{+oo} U {—o0} by setting Ti(+00) = k and Ty(—o0) = —k. Then Ty(u) makes sense for u : Q —
R U {+o0} U {—oo} and Ty (u) belongs to L>*°(Q) for a measurable function u defined on Q.

As usual when dealing with renormalized solution, condition (2.1) permits to give a sense in all
the terms entering in (2.2), (2.3) and (2.4). For all real numbers a, b with a < b, 1{,<,<p; Du is iden-
tified with 1< <p} D Tmax(al, b)) () Which belongs to (L2 Q)N in view of (2.1). This is the defini-
tion of Du on the subset {x € Q; |u(x)| < 400} which is introduced in [4]. Then 1j,,<;<p+13A(X, W) Du-
Du (resp. Ni—(n+1)<u<—mA(x, u)Du- Du) is identified with ;< y<n+11AX, ) DTy (1) - DTy (1)
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(resp. j—(n+1)<u<—mAlx, W) DTy11 (1) - DTy41(w)) which belongs to LY(Q) because of (H2) and
(2.1). It follows that conditions (2.2) and (2.3) make sense. As far as (2.4) is concerned, let us
denote by k > 0 a real number such that supp(h) < [k, k] so that h(u)A(x, u) Du is identified with
h(uw) 1y < g A(x, T (w)) D Ty (1) which belongs to (L2(Q))N. Then the term h'(1)A(x, u)Du - Du is
identified with
L« iA(x, Ti (1)) Dh(Ti (1)) -D Ty (1) which belongs to LY(Q) because of (H2), (2.1) and h € W1 °(R).
As a consequence the equation in (2.4) makes sense in H~!(Q)+L!(Q) (indeed fh(u) € L' (Q)) and
then in the sense of distribution. The boundary condition © = 0 on 6Q is written in the weak sense
: Tr(w) = 00on 0Q2 for any k = 0. Any test function ¢ € H(} (Q)NL>®(Q) may be plugged in (2.4). Then
if H is a function in W (R) such that suppH’ is compact, one can use H(u) as such a test func-
tion because H(u) € L®(Q) and DH (u) is identified with DH (T (u)) = H'(Ti(w)) DT (1) € L*(Q)
(for any k such that supp(H') € [—k, k).

Equation (2.4) may be formally obtained through pointwise multiplication of the equation of
(1.1) by h(u). Indeed it results a lack of information on the subset {x € Q; |u(x)| = +oo} since
supp(h) is compact. This is balanced by the two conditions (2.2) and (2.3). The same type of
conditions is prescribed when dealing with measure data (for non degenerate elliptic operators)
in [9] but one must remark that in our setting the Lebesgue measure of the set {x € Q; |u(x)| = +oo}
may not vanish. Moreover taking the admissible function ¢ = T3 (1) * in (2.3) gives that

(2.5) lim f]l{n<u<n+”A(x, u)Du-Dudx:f le(u)+dx=f fdx.
n—+oo Jo {u=+o0} {u=+oo}
Similarly we also have
(2.6) lim f]l{_(n+1)<u<_n}A(x, u)Du-Dudx:—f fdx.
n—+oo Q {u=—o0}

Remark 2.2. If assumptions (H3) and (H4) are replaced by f; ™ f(s)ds = f;y®y(s)ds = +oo, [°_ B(s)ds <
+00 and f?ooy(s) ds < +oo (respectively f?ooﬁ(s) ds = f?ooy(s) ds = +o0, f0+°°,6(s) ds < +o0 and
f0+°°y(s) ds < +o0) it is easy to see that one can ask u#(x) < +co almost everywhere in Q and take 0

in the right hand side of (2.2) (respectively —oo < u(x) almost everywhere in Q; 0 in the right hand
side of (2.3)).

2.2.2. A second definition of solutions of (1.1). In this subsection we introduce a formulation
of (1.1) which takes into account the two subsets Q™ = {x € Q; u(x) = oo} and Q™ = {x €
Q; u(x) = —oo} through two bounded measures in the equation of (1.1). Loosely speaking these
two measures are supported on Q*® and Q~°°. We denote by .# (Q) the set of bounded Radon
measures on 2.

Definition 2.3. A measurable function u : Q — RU {+o0o} U {—o0c} is a solution of (1.1) (in the sense
of Definition 2.3) if u satisfies (2.1) and if

2.7) 1ju<ooAlx, w) Du € (L ()N
and if there exist two non-negative bounded measures y* and p~ on Q such that

(2.8) ph e (H Q)+ LNQ) nu(),
(2.9) u=+oo u*—almost everywhere,
(2.10) u=-oo u -almosteverywhere,
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YpeL®Q)n H& (Q) such that D =0 a.e. on {x € Q; u(x) = +oo} we have

(2.11) f pdu* =f fodx,
o) {u=+o0}
YpeL®Q)n H& (Q) such that D =0 a.e. on {x € Q; u(x) = —oo} we have
(2.12) f pdp” = —f fedx,
Q {u=—-o0}

and u, u* and u~ satisfy the equation

(2.13) —div [ Dgu<+oojAlx, W Du] — p* + p~ = fljy<to0} in D' (Q).

Comments on Definition 2.3. As shown in [4], condition (2.1) permits to give a sense to the field
1jjyj<+00} Dt as a measurable function on Q in such a way that for any k =0

(2.14) Wgjy<ky Wyjuj<+o0y Dt = DTy (1),

Then condition (2.7) makes sense.

Conditions (2.9) and (2.10) say that the two subsets Q**° and Q™ are y—-measurable and that
pt @\ Q) = = (Q\ Q™) = 0. Let us note that Q**° and Q™ are uy-measurable because of
(2.1) and (2.8). Actually by a result of [9], the function Ty (u) is p—measurable for any k while
QY° = Npenix € Q; Ty (u) = n} and Q™ = Nyenix € Q; Ty (u) = —n}. As a consequence (2.9) and
(2.10) mean that u* and u~ are respectively concentrated on the subsets Q**° and Q~°°. Moreover
for any function v € H(} (Q) N L*(Q) we have in view of Proposition 2.7 of [9],

+ _ +
fQVdﬂ S<H LUV ZH1Q)+LHQ), HL(QNL®(Q)
(2.15) and

fQ vdp” =< @, U > go)e L Q) B QLR (Q)

Then (2.9) and (2.10) may be equivalently rewritten as

(2.16) ‘/g‘_lTk(u)-FdIJ,*— =< /J+y Tk(u)+ >H71(Q)+Ll(Q),H&(Q)OL(’O(Q): deIJ+ VkEO
and

(2.17) LTk(u)_dﬂ_ =< /J_y Tk(u)_ >H71(Q)+Ll(Q),H&(Q)OL(’O(Q): k/;-ld“_ VkZO
or

(2.18) Tr(w)* = k, u*—almost everywhere, Vk >0,

(2.19) Tir(u)” =k, p~—almost everywhere, Vk = 0.

Conditions (2.11) and (2.12) play the roles of conditions (2.2)-(2.3) in Definition 2.1 since we will
prove in Section 3 that u* and y~ are the weak—* limit in .# (Q) of the respective sequences
Ln<u<n+13A(x, u)Du- Du and 1j_(p41)<uy<—nmA(x, w)Du - Du as n tends to +oo.

As far as Equation (2.13) is concerned, let us note that this equation takes place in H~1(Q) +
L'(Q) (hence in 2'(Q)). As a consequence any test function in H& (Q) N L*®°(Q) can be used in
(2.13).

Equation of type (2.13) with multiplier mesures has been also introduced in [6] in the case
where the matrix A(x, s) blows up for a finite value of s.
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3. EQUIVALENCE OF THE DEFINITIONS
We prove the following lemma
Lemma 3.1. Definition 2.1 is equivalent to Definition 2.3.

Remark 3.2. According to Lemma 3.1, a solution of (1.1) in the sense of Definition 2.1 or Defini-
tion 2.3 will be just referred to as a renormalized solution of the problem.

Proof of Lemma 3.1.
Step 1. Let u be solution of (1.1) in the sense of Definition 2.1 and let us prove that u satisfies
Definition 2.3.

Let us choose h = h;, in Equation (2.4), we obtain

3.1) —div[h, (WA, u)Du| - Ljpcy<n+1Alx, w)Du- Du
+ - (n+D)<u<-mAx,u)Du-Du = h,(w) f in Q.

We first prove (2.7). The function vi = fOT" w0 Y(s)ds is an admissible test function in (3.1) be-

cause vy € L®°(Q)n H& (Q). Moreover we have ||vgllr=~q) < max(f0+°°y(s) ds, f?oo)/(s) ds) for any
k = 0. We obtain using (2.5) and (2.6)

ny(Tk(u))hn(u)A(x, wDu-DTi(w)dx < Gl fllpiq) +Co

where C; and C; are two nonnegative constants independent of k and 7. Since DTy (u) = 0 on the
subset {x € Q; |u(x) > k}, this yields for n > k

fﬂy(Tk(u))A(x, T (W) DTy (u) - DT (w)dx < Crll fll 1) + Co.
The condition (H4) permits us to obtain
| 1A T DT dx = Gl sy + o

Indeed we have y (T (1)) A(x, Ty (1)) D Ty (1)-D Ty (1) = A(x, Tie(1))AY2 (x, Ty (1)) D Ty (u)-AV? (x, Ty (1)) DTy (1) =
IACx, Ty (w) DTy (w) .

Since A(x, Tx(w)DTi (1) — 1jjyj<+00jA(x, u)Du almost everywhere in Q\ {|u(x)| = +oo} as k
tends to +oo, it follows that

fQ 1jui<+o0 |A(X, W) Dul’ dx < G fll 1oy + Co,

and (2.7) holds true.

Now we construct the two measures u* and u~ such that (2.8), (2.9), (2.10), (2.11) and (2.13)
hold true.

Due to conditions (2.2)—(2.3) (see also (2.5) and (2.6) in Comments on Definition 2.1), the se-
quences of nonnegative L' (Q)-functions 1y, = Yneu<n+1Ax, ) Du-Duand py, = 1~ (n+1)<u<—mAX, 1) Du-
Du are bounded in L'(Q) with respect to n. As a consequence there exists two nonnegative
bounded measures u* and p~ such that, for a subsequence still indexed by n,

52) Wy — ut weakly—* in .4 (Q),
' W, — p~ weakly—* in . (Q).
Then we pass to the limit as 7 tends to +oo in (3.1) and we obtain

= div [ Tjju<+00ACx, W) Du] = u* +p” = fljy<too In2'(Q),
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because 1jj,)<+00}A(x, #) Du and f respectively belong to (L2(Q)N and L' (Q). The function u and
the measures " and p~ satisfy (2.13). Moreover we deduce from (3.1) that

(3.3) pn=uh—u, —pt—p~ stronglyin H1(Q) + L' (Q).
Now for any k = 0, Ti(u)* belongs to Hé (©), hence taking Ti.(u)" ¢, for ¢ € €5°(Q), as a test
function in (3.1) gives

Lhn(u)ﬂuukm}A(x.u)Du-D[Tk(u)+<p]dx

- [ i pdx = [ ot fTe* pax.
Q Q

Using the definition of u,, (2.7) and (3.2), it yields letting n tends to +oo

Y € €5°(Q), kfg)(pdp+:f(2]1{|u|<+oo}A(x, wDu-D[Ti(u)* ¢l dx

—f fTe(w*pdx.
Q

As a consequence we deduce that u* belongs to H~'(Q) + L' (Q), that is (2.8) for ™.

Indeed using Ty (1)~ ¢ as a test function in (3.1) leads to (2.8) for u~.

We now prove (2.9) and (2.10) in their equivalent formulation (2.18) and (2.19). To this end, we
deduce from (2.15) and (3.3) that V¢ € 6;°(Q)

(3.4) fQ T @y, — ) dx =< = 13, T @ > g1 ()4 11 @), B @ L(@)
+ - +
—<p —p T P > )+ L), H @nIe(@) @S 71— +00.

Since [ T (W) @y, — 1) dx = k [ u;, dx, (3.2) and (3.4) lead to

Yo e 65" (Q); ka(Pd.UJr =<p’ =1, T 9 > gy @), U QN L@ -

Using again (2.8) and (2.15) we obtain
(3.5) Y € 65°(Q); kf pdu* :f Tk(u)+<pd,u+—f Te(w) pdu.
Q Q Q

Remark that in the above equality we have use the fact that u* and u~ both belong to (H™'(Q) +
LY (Q) N (Q) so that Ty (1) € L®(Q; du™) N L®(Q; du™).
From (3.5) we deduce that

YV e 65 (Q), p=0; /(Tk(u)+—k)(pd,u+20,
Q

because du™ = 0.
Since Ti(u)* < k y—almost everywhere in Q, this implies that
(3.6) Ti(w)* =k p*—almost everywhere in Q,

which proves (2.18).
Testing (3.3) with Ty (u)” ¢ for ¢ € 6;°(Q2) and using a similar argument lead to

3.7 Ti(u)” =k p —almost everywhere in Q,
which proves (2.19).
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To show that (2.11) is satisfied, let ¢ be an element of H& (Q) N L*°(Q) such that D¢ = 0 almost
everywhere on {x € Q; u(x) = +oo}. Since T (u)* belongs to Hé (Q) N L>®(Q), the function T} (1) * ¢
is admissible in (3.4) (with k = 1). According to the definitions of y;, and y;, we obtain

(3.8) qu’IJZ dx —<p" —p7, i) ¢ > 1)+ 1), H (@~ as 7 tends to +oo.
Now using again (2.15), we have

<p" = I 9> gy p @), H QN = fQ Ti(w)" pdu® —fQ Ti(w*pdy™,
which in view of (3.6)—(3.7) implies that
(3.9) <p" = W 9> pqen @, H QN I@Q= fQ(PdHJr-
From (3.8), (3.9) it follows that
(3.10) f Uhpdx — f @du*  as ntends to +oo.

Q Q

The definition of y};, condition (2.2) of Definition 2.1 and (3.10) give (2.11) for u* of Definition
2.3.

Replacing T;(u)* ¢ by Ti(u)” ¢ (with D¢ =0 on {x € Q; u(x) = —oo}) in the above arguments
indeed leads to (2.12) for u™.

As a conclusion u is a solution in the sense of Definition 2.3.

Step 2. Let u be a solution in the sense of Definition 2.3 and let us prove that u satisfies Definition
2.1.

All we have to show is that u satisfies (2.2), (2.3) and (2.4).

To prove that (2.2) holds true, we plug the admissible test function ( Ty (1) — T, (w)) " ¢ with
Qe H& (Q) N L*°(Q) in (2.13) and we obtain for any n = 1

Lﬂ{|u|<+m}A(x» wDu-D(Tps1(w) — Tp(w) pdx

+f911{|u|<+oo}A(x, u)Du- D(Tpe1(w) — Tp(w)) " dx

+
— W (Tnn W) = Tn (@) 9) g1+ (@), HI QL@

+ (7, (Tne1 () - Tn(u))+(P>H-1(Q)+L1(Q),Hg @NL®(Q)
= | Fliutcron (Tuss 0= To(w) g d.

Now due to (2.9), (2.10) and (2.15), it follows that
f I yj<+o0}Alx, ) Du - Dugpdx
{n<u<n+1}
+/Q]1{|u|<+oo}A(x, u)Du-DqO(Tn+1(u)—Tn(u))+dx—quDdH+

= || Fliutcson(Tasr 0= To(w) .

Since the sequence 1jj;|<+o0} (Tn+1 (u) - Tn(u))+ converges to 0 almost everywhere in Q as n tends
to +oo and since 1y <+o00}A(x, u) Du belongs to (L?(Q))Y, Lebesgue convergence theorem allows
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to pass to the limit in the above equality which leads to

(3.11) lim 1)< +o00}AlX, u)Du~Duq)dx:f pdu”.
Q

n—o0 Jin<u<n+1}
If we now assume that D¢ = 0 on {u = +oo}, comparing (2.11) and (3.11) shows that (2.2) holds
true.
Using the test function (Tn+1 (1) — Tn(u))_(p in (2.13), condition (2.12) and proceeding as above
leads to (2.3).
To prove (2.4), let h be in WH*°(R) with compact support and ¢ be in 6;°(Q). Plugging the test
function h(u)e in (2.13) gives

Ve 6, (Q), fQA(x,u)Du-D[h(u)(p]dxzfoll{|u|<+oo}h(u)(pdx

because of (2.9), (2.10) and since supp(h) is compact. This implies that (2.4) holds true. O

4. EXISTENCE OF A SOLUTION
We prove the following theorem.

Theorem 4.1. Under the assumptions (H1)—(H5) there exists at least a renormalized solution of
(1.1).

Proof of Theorem 4.1. The proof is performed in 4 steps. In Step 1, a sequence of renormalized
solution (1) of approximate problems is introduced. In Step 2, we derive a few a priori estimates
and we define the pointwise limit u of the sequence (uf). Step 3 is devoted to the proof of the
strong convergence of the sequence Ti(u®) to Ty (u) in H}(Q). In Step 4 we establish that u is a
renormalized solution of (1.1).

Step 1. For an arbitrary real number € > 0, let us consider the approximate problem

{—div [Ax,u®)Duf +eDuf| = f inQ,

4.1
(4.1 ut=0 onoQ.

Let us remark (as already mentioned in the introduction) that assumptions (H2)-(H4) do not im-
ply that the coefficients A;;(x, s) are bounded in Q x R. As a consequence we consider a renor-
malized solution u® of (4.1) which satisfies (see e.g. [9], [11], [12]) (for € > 0 fixed)

(4.2) Ty.(uf) € Hy (Q), Yk =0;

4.3) lim (A(x, u®)Duf + eDuf) - Du® dx = 0;

N—=0 Jin<|ut|<n+1}

for any function 1 € W (R) such that supp(h) is compact

4.4) —div[hW®)(Alx, u®)Du’ +eDuf)|
+ 1 (u®)(A(x, u)Duf + eDuf) - Duf = fh(u®) in2'(Q).

In (4.4) the equation takes place in H™(Q) + L' (Q) so that any test function ¢ € H} (Q) N L™(Q)
is admissible.

Indeed the existence of a solution u® of (4.1) satisfying (4.2)—(4.4) relies to the coercivity prop-
erty (A(x, )¢+ &) -E = €lél?, Vs e R, VE € RN (again we refer to [9], [11] and [12]). Remark that the
uniqueness of u is not insured without more restrictive assumption on the dependence of A(x, s)
with respect to s (see e.g. [5] and [14]).

Step 2. In this step we derive a few a priori estimates and we define the pointwise limit of ().
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Let us take h = hj, in (4.4) with Ty (u?) as a test function. Letting n tends to +oo (¢ and k being
fixed) and using (4.3) leads to

(4.5) f A(x, u®)Du’ - DT (u®)dx < kil fll 11 -
Q

In view of (H3), we obtain from (4.5)

(4.6) inf (s fQ IDTe(ud)P dx < KILfll 1,
S|

so thatforany k=0
(4.7) Ty (uf) is bounded in H} (Q).

From (4.7) (see [4], [9]), we deduce that there exists a measurable function u« defined on Q with
values in R U {+00} U {—o0o} such that for a subsequence of u* (still indexed by &)

(4.8) u® — u almost everywhere in Q as € — 0.
In view of (4.7)-(4.8), we have (again for a subsequence)
(4.9) Ty.(uf) — Tr(w) weakly in Hy (Q), strongly in L*(Q) and a.e. in Q.

Remark 4.2. Due to the properties of § ( > 0) and with the help of Poincaré inequality (see (2.1))
(4.6) implies that

meas{x € Q; |u(x)| > k} < k_l(lilnfkﬁ(s))_1

Since the condition ffo‘f B(s)ds < +oo implies that k‘l(inf| sl<k ,B(s))_1 > C, we cannot deduce
from (4.6) that meas{x € Q; |u(x)| = +oo} = 0 (as it is the case when (s) = fp >0 Vs e R!).

We consider the following two sequences

ué‘
(4.10) vt = f y(s)ds+euf,
0
uE
(4.11) w€=f B(s)ds+euf,
0
fore> 0.
Let us note that for any fixed € > 0 and any fixed k = 0, there exists a real number ky = ko (g, k) =
0 such that
Ty (u)
T (V%) = Tk(f y(s) ds+£Tk0(u8))
0
. Ty (u) .
and Ti(w®) = Tk(fo Bls)ds +e T, (u ))

which imply that Ty (v?) and Ty (w?) both belong to Hé (Q) in view of (4.2). Moreover we have

(4.12) DTy (v®) = (y (T, () DTy, (u€) + DTy, (1)) T} (v)
and
(4.13) DTy (w®) = (B(Tk, (1) DTy, (uf) + €D T, (1)) T} (wF).

Using first the admissible test function Ty (w?) in (4.4) with k = h;, and letting n tends to +oo (k
and ¢ being fixed) with the help of (4.3) leads to

(4.14) f[A(x,uf)Duf+eDu£]-DTk(wf)dxzfka(wf)dx
Q Q



INFINITE VALUED SOLUTIONS OF NON UNIFORMLY ELLIPTIC PROBLEMS 11

for any € > 0 and any k = 0 because of (4.13) and of the fact that hn(u‘:)(A(x, ué)Dut + EDuE) .
DTy (w®) = [A(x, u)Duf +eDuf| - [ (T, (u®)) DTy, (u®) + e D Ty, (u) | T, (w*) as soon as n > k. In-
deed in (4.13) we have also used the fact that f Ty (w®) h,(u®) — f Tr(w?) as n tends to +oo (¢ and
k being fixed).

Using now assumption (H3) and (4.13) in (4.14) permits us to obtain

(4.15) fQIDTk(wE)IdeSkIIfIILl(Q).

It is well known (see e.g. [4], [8], [9]) that (4.15) implies that there exists a subsequence of w?, still
indexed by €, and a measurable function w defined on Q with values in R (i.e. w is finite almost
everywhere in Q) such that

(4.16) w® — w almost everywhere in Q.

Remark that we also deduce from (4.15) that w? is bounded in WO1 'q(Q) foranyl<=g<N/(N-1)
so that in (4.16) we can also assume weak convergence in WO1 "7(Q)) but we will not use this fact in

the following.
Using (4.8), (4.10), (4.11) and (4.16) leads to

4.17) v® — v almost everywhere in Q

where v = fou (y(s)—B(s))ds+ w is measurable on Q and finite almost everywhere in Q because of
the assumption [~y (s)ds < co (see (H4)).

Now we use Ty (v?) as a test function in (4.4) with h = h;,, we let n tends to +oo with the help of
(4.3) to obtain

(4.18) [(A(x,uf)Duf+eDu8)-DTk(uf)dx=fka(uf)dx,
Q Q

for the same reasons that the ones that lead to (4.14). Remark that in (4.18) (as in (4.14)) Duf has
to be understood as D Ty, (u®).
Using assumption (H4) and (4.12) in (4.18) allows to obtain for any € > 0 and any k =0

(4.19) fQ IA(x, u¥) Duf + eDuf P T, (v%) dx < kil fll 11

so that for any fixed k =0
(4.20) (ACx, u¥)Duf +eDuf) T,(v°) is bounded in (L*(Q)"

uniformly in € (again in (4.19)-(4.20), Duf is identified with D Ty, (u%)).

Let us end this step with an estimate which shows that the energy asymptotically vanishes on
the subset where |v¢| is large (this is actually a consequence of (4.17)). For p = 0 fixed, we plug
Ty (v®) - Tp(vg) as a test function in (4.4) with h = h, (and use again (4.3) to let n tends to +00).
It yields

(4.21) [Q[A(x,uf)Duf+eDuf]~D(Tp+1(uf)—Tp(uf))dszf(Tp+1(u£)—Tp(vf))dx,

for any € > 0 and any p = 0. Again in (4.21), the function u? is truncated because the integrand in
the left hand side is 0 if |v®| > p + 1. With the help of (4.17) and since v is finite almost everywhere
in Q, letting € tends to 0 and then p tends to +oo in (4.21) gives

(4.22) lim lim[ [A(x, u)Du® + €eDu’| - D(Tps1 (v°) — Tp(v%))dx = 0.
Q

p—+ooe—0
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Step 3. In this step we prove that the convergence in (4.9) is strong in Hé (Q) which is the standard
essential argument that allows to prove that u satisfies (2.4).

Let h be a Lipschitz continuous function on R with compact support. We consider equation
(2.4) for u® with h = h;, (n = 1) and we plug the admissible test function hp(vg) Ti(u) € H& @n
L>*(Q), for p=0and k = 0. It yields, as usual letting n tends to +oo and using (4.3)

(4.23) f Ty (w) (A(x, u°) + eDu®) - Dhy,(v¥) dx
Q

+f hp(vg)(A(x,u€)+5DuE)-DTk(u)dx:f Fhp(v®) Tr(w) dx.
Q Q

Indeed in (4.23), Du® means D Ty, (u®) where ko (¢, p+1) (because again supp(hy) < [-(p+1), p+1]
and this is the reason why one can take the limit as n tends to +00).

Now we take the limit in (4.23) as ¢ tends to 0. To this end we first use the fact that supp(hp) <
[-(p+1),p+1] and estimate (4.20) to extract a subsequence, still indexed by ¢, such that for any
p=0

(4.24) hy, (V%) (ACx, u¥)Duf + eDuf) — X, weakly in (L2(Q)Y
as € tends to 0.
Then (4.17), (4.23) and (4.24) lead to
(4.25) f Xp-DTy(u)dx
Q

+lim Tk(u)(A(x,uE)DuE+£Du5)th(v5)dx:ffhp(v)Tk(u)dx
e—0Jq Q

forany p = 0.
Now we prove that, for any p = 0,

(4.26) Xp = hp(V)A(x,u)Du a.e. on the subset {x € Q; [u(x)| < +oo}.

To establish (4.26) let us consider a continuous function / defined on R with compact support
and let / be a real number such that supp(h) < [, []. Due to (4.8), (4.17) and (4.24) we have on
the one hand

(4.27) h(u®)h,(v°)(A(x, u®)Du + eDuf) — h(w) X,

weakly in (L2(Q)N as ¢ tends to 0.
On the other hand, assumption (H2), (4.8), (4.9) and (4.17) permit to obtain

(4.28) h(u®)h,(v%)(A(x, u®)Du + eDu®) — h(uw) h, (v)A(x, T;(w) DT (1)

weakly in (L2(Q)N as ¢ tends to 0.
In view of (4.27)—(4.28) it follows that

h(u) X, = h(u)hy,(V)A(x, T;(w)) DT;(u) almost everywhere in €,

which in turn implies that (4.26) holds true for any p = 0 since the function # is arbitrary with
compact support. Then we are able to pass to the limit as p tends to infinity in the first term in
(4.25) because hj(v) — 1 almost everywhere in Q and indeed DT (u) = 0 almost everywhere in
{x € Q; |u(x)| > k}. As far as the second term in (4.25) is concerned we make use of (4.22) and of
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the fact that [Ty 1(2) — Tp(£)| = 1 — hy(2), Vt € R to obtain

p—+ooe—0

lim_lim| f Ti (1) (ACx, u¥)Duf + £Du) - Dhyy (v°) dx|
Q

<k lim lim | [A(x,u)Du’+eDuf|-D(Tps1(v%) - Tp(v))dx =0.

p—+o0e—0 Q

Letting p tends to infinity in (4.25) yields

(4.29) f Ax, Ti(w)) DT (1) - DTy (u)dx = f fTi(wdx.
Q Q
Now using Ty (uf) as a test function in (4.4) (again with & = h, and letting n tends to +o0) leads to
(4.30) lirré A, T (u®))D T (uf) - DTy (uf) dx:f fTe(wdx
e—0Jq Q

because of (4.9).
In view of (4.29) and (4.30), we obtain that for any k = 0

liI% A(x, T (u®)DTi(u®) - DT (uf) dx = f A(x, T () DTy () - DTy (u) dx.
e=0Ja Q
From assumption (H2) and (4.9) it follows that

lim | A(x, Ty (u®)) (DT (u®) = DTy (w)) - (D Ty (1) = DTi(w))dx =0
e=0Ja

which implies that, because of (H3),
(4.31) Ty (uf) — Ty(w) stronglyin H} (Q)

as € tends to 0 for any k = 0.

Step 4. In this step we conclude the proof of Theorem 4.1 by showing that u satisfies (2.2)-(2.4).

We first prove that (2.2) holds true. Let p=1, n=1and p € Hé (Q) N L*>(Q) such that Dp =0
almost everywhere on {x € Q; u(x) = +oo}. Since Ty (v%) € H(} (Q) for any k > 0, taking the admissi-
ble test function hy, (v®)(Ty+1 (uf) - Tn(u®)" @ in (4.4) with h = h,,, and letting m tend to +oo (with
the help of (4.3)) lead to

(4.32) f hp (V) @IA(x, Tys1 (uf)) Duf + eDuf]- Duf dx
{n<ut<n+1}
+[ hp (V) (T (uf) - T, () [A(x, u®)Du® + eDu’]- D dx
Q
+f R, (V) (Tye1 (W) = T (u®) " @lA(x, u®) Duf +eDuf- Dve dx
Q
=fohp(Vg)(Tn+1(u8) - Ty (uf) " pdx.

Remark that in the above equality hp(vg) stands for hp(Tp+1(v5)). We now pass to the limit in
(4.32) first as € goes to zero, secondly as n goes to infinity and finally as p goes to infinity.

Using (4.8), (4.17) and the fact that v is finite almost everywhere in Q, while (T},+1 (1) — T, (1)) " —

Iu=+00} as 1 goes to infinity in L*°(Q) weak-*, we have

(4.33) lim lim lim[ fhp(v'g)(TnH(ug)—Tn(ug))+(pdx=f fodx.
Q {

p—+oon—+ooe—0 u=+o0}
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Recalling that Ih;,(vE)IDUE = D(Tp41(v%) — Tp(v)) and since [|(T41 (1) - T ol <
lpll 1) uniformly with to respect to n and ¢, (4.22) implies that
(4.34) lim limsuplimsup|f h’p(yf)(TnH(uf) — Tn(uf))+(p[A(x, us)Duf + eDuf]-Dvedx| = 0.
p—t+00 ptoo e—0 Q

From (4.8) and (4.24) it follows that

(4.35) lim limf hp(vg)(TnH(uE)—Tn(uE))+[A(x, u®)Duf +eDuf]- Dpdx
n—+ooe—0 Q

=f Xp-Dedx.
{u=+o0}

We now use the essential condition D¢ = 0 almost everywhere on {x € Q; u(x) = +oo} to obtain
from (4.35)

(4.36) lim lim hy (V) (Tps1 (1) — Ty (uf) " [Alx, u®)Du® + eDuf] - Dpdx = 0

n—+00e—0J{n<ut<n+1}

Assumption (H2), (4.8), (4.17) and (4.27) imply that

lim hy (V) QIA(X, Tra1 (u¥)Duf + eDufl - Dufdx

e=0Jin<ut<n+1}

=f hy(V)QA(x,u)Du-Dudx.
{n<u<n+1}

Moreover from (4.8) and the definition (4.10) of v* we deduce that v* converges to fouy(s) dsase¢
goes to zero almost everywhere on {x € Q; |u(x)| < +oo}. It follows that v = fouy(s) ds almost ev-
erywhere on {x € Q; |u(x)| < +oo} which in turn implies that |v| < f_?oo Y(s)ds almost everywhere
on the subset {x € Q; |u(x)| < +oo}. As a consequence if p > ffooooy(s) ds then hy(v) = 1 almost
everywhere on {x € Q; |u(x)| < +oc}, so that

(4.37) lim hy (V) QIA(X, Tya1 (u®)Duf + eDufl - Dufdx

e=0Jtn<ut<n+1}
:f @A(x,u)Du-Dudx.
{n<u<n+1}
Gathering (4.32), (4.33), (4.34), (4.36) and (4.37) yields

lim (pA(x,u)Du-Dudx=f fodx,

=400 Jin<u<n+1} {u=+o0}
thatis (2.2).
Considering the test function h,(v®)(Ty41(u®) — T,,(uf)) "¢ in (4.4), with ¢ € H(} (Q) N L>®(Q)
such that D¢ = 0 almost everywhere in {x € Q; u(x) = —oo} and similar arguments lead to (2.3).
To show that (2.4) hold true we pass to the limit as ¢ tends to 0 in (4.4). If k = 0 is such that
supp(h) < [—k, k], Du® means DTy (uf) in (4.4) so that assumption (H2), (4.8), (4.9) and (4.31)
imply that

h(u)A(x, T (uf)) D Ti(uf) — h(wA(x, T (W) DTy (1) strongly in (L*(Q)Y,
(A(x, T (U) DTi (uF) + eD T (1)) - DR(T (u°)) — A(x, Tr.()) D Ty (w) - Dh(Ti (1))
strongly in L' (Q),
fh(uf) — fh(u) stronglyin L'(Q),
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as € tends to 0.

According to the meaning of (2.4) (see the comments on Definition 2.1 in Section 2.2) we con-
clude that u satisfies (2.4).

The proof of Theorem 4.1 is complete. O

5. A PARTIAL UNIQUENESS RESULT

Let us assume that Ja > 0 such that y(s) = af(s), Vs € R and let us define the nondecreasing
function B (r)= for B(s)ds. Let us consider any renormalized solution u of (1.1). Then assumption
(H3) and condition (2.7) imply that f(u) € H}(Q) (consider B(Ti(w) € HL(Q) and let k tend to
+00) and moreover that DB(u) = 0 almost everywhere on the subset {x € Q; |u(x)| = +oc}. It

follows that A1)
xXu) _~ .
L uj<+o0}Alx, W) Du = ]l{lu\<+oo}WD,3(u) a.e. in Q.

As a consequence equation (2.13) rewrites as
. Alx,u) - .
5.1 —le[ﬂ{lul<+oo}WDﬁ(u)] — i+ My = fljucsoo)  iIn2'(Q).

The matrix Aﬁ(’(cé)s) is uniformly coercive and bounded due to (H3)-(H4) and y(s) = a(s). Itis then

AxS) \vith respect to E(s) (see e.g. [3], [5] and [14])

Bs)
to prove the uniqueness of u. In the following we assume that

(H6) Ja>0,VseR vy(s)=ap(s);

natural to state an assumption on the matrix

there exists C > 0 such that for any s,r e R
Alx,s) A(x,r)
B(s) B(r)

We are not in a position to prove such a result essentially because we do not control the subset
{x € Q; |u(x)| = +oo} with respect to the data.

In the following Proposition, we prove that if two renormalized solutions of (1.1) are infinite on
the same subset of Q then they are equal on Q.

(H7) < C|B(s)— B(r)| almost everywhere in Q.

Proposition 5.1. Assume that (H1)-(H7) hold true. Let u and v be two renormalized solutions of
(1.1). If (up to a set of null Lebesgue measure)

(5.2) {xeQ; u(x) =+o0} ={x€Q; v(x) = +o0}
and
(5.3) (x€Q; u(x)=-o0} ={x€Q; v(x) = —oo0},

then u = v almost everywhere on Q2.

Proof of Proposition 5.1. We use the equations (5.1) for z and v (and denote by u};, uy,, 1}, 1, the
measures respectively corresponding to u and v in Definition 2.3). Taking the difference of (5.1),
and (5.1), we obtain using (5.2) and (5.3)

Alx,u) _~ A(x,v)
]l{lu\<+oo}(—D,B(u) - Bw)

(5.4) —div B

Dﬁ(v))]
= (3 = 1) + (i — ) = 0in 2'(Q).
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Now the usual techniques to prove that u# = v is to plug the test function %Tk(ﬁ(u) - E(v)) €
H& (Q) N L*°(Q) in equation (5.4) and to let k tend to 0. The only novelty here is to deal with
the resulting terms involving the measures y;,, uy,, g3, and p;, for which we use the essential
assumption (5.2)—(5.3). Actually conditions in (2.11)-(2.12) we can take ¢ = Tk(ﬁ(u) - 5(1})) €
Hé (Q) N L*=(Q) because DTk(E(u) - B( v)) = 0 almost everywhere on the subset {x € Q; |u(x)| =
+oo} = {x € Q; |v(x)| = +o0} (see again the beginning of this section). We obtain

f Te(B(w) - B(v))dyf, :f fTe(B(w) - B(w))dx=0

Q {u=+o0}

because f(u) = B(v) = 0+°°ﬁ(s) ds almost everywhere on {x € Q; u(x) = +oo}. The same ar-
guments show that all the terms involving the measures in (5.4) vanishes (when multiplied by
T (B(w) — B(1))). We deduce from (5.4) that

1 Alx,u) ~ Alx,v) _~ ~ - ~

for any k > 0.

Once (5.5) is established the standard method of [3] applies under assumption (H6)-(H7) and
leads to E(u) = E(v) almost everywhere in Q which in turn gives u = v almost everywhere on
Q\{x € Q;|u(x)| = +oco}. This ends the proof of Proposition 5.1. |

Remark 5.2. As shown above (in the simpler case of assumption (H7)) assumptions (5.2)-(5.3)
imply that, upon using standard test function (of the form F(¢(u) — ¢(v))) in (5.4), all the terms
involving the measures u};, y;,, ¢, and p;, vanish. The reader will easily convince himself that
the result of Proposition 5.1 still holds true under weaker assumption on A(x, s) than (H7) (such
weaker assumptions are proposed in [5] and [14]).
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