Existence and stability results
for renormalized solutions
to noncoercive nonlinear elliptic equations
with measure data

Olivier Guibé! - Anna Mercaldo?

Abstract In this paper we prove the existence of a renormalized solution to a class of
nonlinear elliptic problems whose prototype is

(P) { — Ay u—div(e(@)|u") + b(z)[Vul =y in Q,

u =0 on 012,

where Q is a bounded open subset of RN, N > 2, A, is the so called p—Laplace operator,
1 <p< N, puis aRadon measure with bounded variationon 2, 0 <~y <p—-1,0< A <p-—1,
|c| and b belong to the Lorentz spaces LP%’T(Q), ]% < r < +oo and L1 () respectively. In
particular we prove the existence result under the assumption that v = A =p —1, [|bl[ 1 ~.1(q)
is small enough and |c| € LTJL’T(Q), with 7 < 400. We also prove a stability result for
renormalized solutions to a class of noncoercive equations whose prototype is (P) with b = 0.
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1 Introduction

In this paper we consider nonlinear elliptic problems whose prototype is

— A, u—div(e(z)|u?) + b(x)|Vu|* = p in Q, (1.1)
u=>0 on 0, ’

Laboratoire de Mathématiques Raphaél Salem, UMR 6085 CNRS - Université de
Rouen, Avenue de 1'Université, BP.12, 76801 Saint-Etienne du Rouvray, France; e-mail:
Olivier.Guibe@univ-rouen.fr

2Dipartimento di Matematica e Applicazioni “R. Caccioppoli”, Universita degli Studi di Napoli
“Federico 11”7, Complesso Monte S. Angelo, via Cintia, 80126 Napoli, Italy; e-mail: mercaldo@unina.it



where 2 is a bounded open subset of RN, N > 2, A, is the so called p—Laplace
operator, p is a real number such that 1 < p < N, p is a Radon measure with bounded
variation on 2, 0 <~y <p—1,0< A <p—1, |¢] and b belong to the Lorentz spaces
Lrmi7(Q), 25 <r < +oo and LM (Q), respectively.

We are interested in existence results for renormalized solution to (1.1).

The difficulties which arise in proving existence results for solutions to (1.1) are
due both to the lack of coercivity of the operator and to the right-hand side which is
a measure (and not an element of the dual space W=7 (Q)).

Existence results for noncoercive elliptic problems are well-known when the datum
i belongs to the dual space W‘l’pl(Q). Indeed the linear case, i. e. p=2, vy =X =1,
has been studied by Stampacchia in [St] (see also [Dr]), the case where the operator
has only the term b(z)|Vul|* is studied in [DP], the case where the operator has only
the term —div(c(z)|u|?) is studied in [B] and finally the case where the operator has
the two lower order terms —div(c(z)|u|?) and b(x)|Vu|* is studied in [DPo2] (see also
[G2] for a different proof).

If p is greater than the dimension N of the ambient space, then, by Sobolev
embedding theorem and duality arguments, the space of measures with bounded
variation on € is a subset of W~ (Q), so that the existence of solutions in Wy* (1)
is a consequence of previous results. Thus this explain our restriction on p.

However, when p < N, it is necessary to change the framework in order to study
problem (1.1), since simple examples (the Laplace operator in a ball, i.e. p=2,b =0,
¢ =0, and p the Dirac mass in the center) show that, in general, the solution has not
to be expected in the energy space W, 7(Q).

In the linear case Stampacchia defined a notion of solution of problem (1.1) by
“duality” ([St]), for which he proved the existence and uniqueness under the assumption
that 0 is not in the spectrum of the operator, condition which is satisfied if, for example,

||cHL ) O [6]] v (q) is small enough. He also proved that such a solution satisfies

the equation in distributional sense and it belongs to W, **(2) for every ¢ < N/(N —1).
The techniques used by Stampacchia heavily relies on a duality argument, so that they
can not be extended to the general nonlinear case, except in the case where p = 2, the
operator has not lower order terms and it is Lipschitz continuous with respect to the
gradient ([M2]).

The nonlinear case was firstly studied in [BG1|, [BG2], then the effect of lower
order terms were analyzed in [D] (where a term b(z)|Vu|* is considered) and in [DPol]
(where both terms — div(c(x)|u|?) and b(x)|Vu|* are considered); in all these papers
the existence of a solution which belongs to W, () for every ¢ < N(p —1)/(N — 1)
and satisfies the equation in the distributional sense is proved when p > 2 — % The

hypothesis on p is motivated by the fact that, if p < 2 — %, then N]Spjll) < 1. On the

other hand a classical counterexample ([S], see also [P]) shows that in general such a




solution is not unique.

This implies that, in order to obtain the existence and uniqueness of a solution for
p close to 1, i.e. p < 2 — %, it is necessary to go out of the framework of classical
Sobolev spaces.

For this reason two equivalent notions of solutions have been introduced: the notion
of entropy solution in [BBGGPV], [BGO] and the notion of renormalized solution in
[LM], [M1], for which the existence and uniqueness have been proved in the case where
the datum g belongs to L'(Q) or to L'(Q) + W= (Q). In [DMOP] the notion of
renormalized solution has been extended to the case of general measure with bounded
total variation and existence (and partial uniqueness results) is proved. In such papers
operators without lower order terms are considered.

Both difficulties (right-hand side measure and lower order terms, which produce a
lack of coercivity) have been faced in [B], [BGul], [BGu2] and [BMMP3]. In [B] the
existence of entropy solutions is proved when the datum u belongs to L'(2) and the
operator has a lower order term of the type —div (¢(x)|u|?); in [BGul] and [BGu2| the
existence of a renormalized solution is proved in the same case. Finally in [BMMP3] the
existence of a renormalized solution is proved when the datum p is a general measure
with bounded total variation and the operator has only a lower order term of the type
b(z)|Vul*. In such papers no assumptions on the smallness of the coefficients are made
and therefore the operators are in general noncoercive.

Uniqueness results for renormalized solution are proved in [BMMP2], when the
datum g is a measure in L'(Q) + W~ (Q) and the operator has a lower order term
of the type b(x)|Vu|* (see [BMMP4] for the case where u belongs to W~ (Q)) and
in [BGul], [BGu2] when p is a measure in L'(2) and a lower order term of the type
— div(e(x)|u|?) is considered (see also [G1] for further uniqueness results).

In the present paper and in [GM], we prove the existence of renormalized solutions
for the problems whose prototype is (1.1), where both the two lower terms —
div(c(x)|u|’) and b(x)|Vu|* appear and where 0 < v < p—1,0 < X < p—1, ||
belongs to the Lorentz space LTIXl’T(Q), p—Jfl < r < +o00, b belongs to Lorentz space

LY1(Q) and p is a Radon measure with bounded variation on . In both papers we do
not make any coercivity assumption on the operator: we assume that the norm of one
of the two coefficients is small when v = A = p — 1, while no smallness of such norms
is required when v or A are less than p — 1.

In the present paper we consider nonlinear elliptic problems whose model is (1.1)
and we prove an existence result in the case where p is a Radon measure with bounded
variation on €, v = p — 1, A = p — 1, [|b||p~¥.1(q) is small enough and ||c||L

Y

N
P17 ()
N : _
o ST < F00is large. The case v =p—1 and A < p—1 and the case vy < p—1 and
A < p—1 are also studied.
The counterpart of the existence result proved in the present paper can be found
in [GM], where in particular we prove the existence of a renormalized solution for the
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problem (1.1) in the case where u is a Radon measure with bounded variation on €2,
y=A=p—1,|b]prx1(q) is large and ||C||LP%’T(Q)’ 1% < r < 400 is small enough.

Let us now explain the idea of the proof of the existence result in the present
paper. The first difficulty is to obtain some a priori estimate for |[Vu|P~!. This is done
by proving uniform estimates of the level sets of |u| (cf. [B], [BGul], [BGu2]), which
allow to obtain an estimate of V7 (u) of the type HVTk(u)H](DL,,(Q))N < kM + L for
every k > 0. Such estimate of VT (u) then imply [[[VulP~"|| v 0(gyn < ¢, thanks
to a generalization of a result of [BBGGPV], proved in [BMMP3]. Finally we use an
extension of the stability result proved in [DMOP] (see also [MP] and [M]). It allows us
to handle the term —div(c(z)|u|?), which in general does not belong to the dual space
W= (Q). Such a result could be proved by using the same arguments of [DMOP],
but actually the proof which we give here is slightly different.

Finally we explicitly remark that, as for the existence result proved in the present
paper, the main difficulty in proving the existence result of [GM] is to obtain some
a priori estimate for [Vu[P~!. Such a priori estimates are obtain by using a different
method.

2 Definitions and statement of existence result

In this section we recall some well-known results about the decomposition and
convergence of measures (cf. [DMOP]) and some properties of Lorentz spaces (see e.g.
[Lo], [H], [O]), which we will use in the following. Then we give the definition of a
renormalized solution to nonlinear elliptic problems whose right-hand side is a Radon
measure (cf. [DMOP]) and we state our existence result.

2.1 Preliminaries about measures

In this paper Q is a bounded open subset of IRY, N > 2, and p is a real number,
1 <p< N, with p’ defined by 1/p+1/p' = 1.

We denote by M,(€2) the space of Radon measures on 2 with bounded variation
and by CP(2) the space of bounded, continuous functions on €. Moreover p™ and ™
denote the positive and the negative parts of the measure u, respectively.

Definition 2.1 We say that a sequence {u.} of measures in M,(£2) converges in the
narrow topology to a measure p in My(Q2) if

lim / edp. = / wdyt, (2.1)
Q Q

e—0

for every p € CP(9).



Remark 2.2 We recall that, if p. is a nonnegative measure in M,(2), then {u.}
converges in the narrow topology to a measure p if and only if u.(2) converges to
©(€2) and (2.1) holds true for every ¢ € C3°(Q2). It follows that if y. is a nonnegative
measure, (. converges in the narrow topology to u if and only if (2.1) holds true for

any ¢ € C™(Q).

We denote by cap,(B,(2) the standard capacity defined from WyP(Q) of a Borel
set B and we define M(£2) as the set of the measures p in M,(£2) which are absolutely
continuous with respect to the p-capacity, i.e. which satisfy u(B) = 0 for every Borel
set B C Q such that cap,(B,2) = 0. We define M,(€2) as the set of all the measures p
in M,(Q2) which are singular with respect to the p-capacity, i.e. which are concentrated
in a set £ C €2 such that cap,(F,Q) = 0.

The following result allows to split every measure in M,(§2) with respect to the
p-capacity ([FST], Lemma 2.1).

Proposition 2.3 For every measure p in My(S) there exists an unique pair of
measures ([, fts), with pg € Mo(Q) and ps € Ms(SY), such that = po + pis.

The measures py and ps will be called the absolutely continuous part and the
singular part of pu with respect to the p-capacity. Actually, for what concerns o one
has the following decomposition result ([BGO], Theorem 2.1)

Proposition 2.4 Let o be a measure in My(2). Then uo belongs to My(QY) if and
only if it belongs to L'(QY) + W5 (Q). Thus if po belongs to My(SY), there exists f in
LY(Q) and g in (L” (Q))N such that

po = f —div(g),

in the sense of distributions. Moreover every function v € Wol’p(Q) 1s measurable with
respect to o and belongs to L>(2, po) if v further belongs to L*°()), and one has

_ 1,p 0
/de,uo—/gfv—l—/gng, Yo € WP () N Lo(Q).

As a consequence of the previous results and the Hahn decomposition Theorem we
get the following result

Proposition 2.5 Every measure p in My(S) can be decomposed as follows

= o+ ps = f — div(g) + pd — py,

where o s a measure in My(Q), hence can be written as f — div(g), with f € L*()
and g € (LP ()N, and where pt and p; (the positive and the negative parts of fis)
are two nonnegative measures in M(S2), which are concentrated on two disjoint subsets
E* and E~ of zero p-capacity.



Finally we recall the following result which will be used several times in Section 4
to prove the stability result. It is a consequence of Egorov theorem.

Proposition 2.6 Let ) be a bounded open subset of RY . Assume that p. is a sequence
of LY(Q) functions converging to p weakly in L'()) and assume that o. is a sequence
of L>(Q) functions which is bounded is L*(€)) and converges to o almost everywhere

i ). Then
lim/ Pe0< :/,00.
e—=0.J0 0

2.2 Preliminaries about Lorentz spaces

For 1 < ¢ < ooand 1 < s < oo the Lorentz space L?*(€) is the space of Lebesgue
measurable functions such that

t

] v de\
Il = ([ @FE) < o 22

endowed with the norm defined by (2.2).
Here f* denotes the decreasing rearrangement of f, i.e. the decreasing function defined
by
ff(t)=inf{s >0 : meas{z € Q : |f(x)| > s} <t}, te€]|0,]|Q].
For references about rearrangements see, for example, [CR], [K].

For 1 < r < oo, the Lorentz space L™>() is the space of Lebesgue measurable
functions such that

I fllLree () = si%t [meas {z € Q : |f(z)| > t}]"" < 400, (2.3)

endowed with the norm defined by (2.3).
Lorentz spaces are “intermediate spaces” between the Lebesgue spaces, in the sense
that, for every 1 < s < r < oo, we have

L1 (Q) c L™ (Q) = L"(Q) C L™>(Q) C L¥(Q). (2.4)
The space L™>(12) is the dual space of L!(€2), where 2 + L =1, and we have the

generalized Holder inequality

{ Vf e L">®(Q), Yge L™ (Q), 25

/Q|fg| < flleres@)llgll L gy-



More generally, if 1 < p < oo and 1 < g < oo, we get

Vf e LP1(Q), Vg € LP»%(Q),

1fgllzra) < 1Fllzra @) llgllLraa @), (2.6)

11 ;1 1_ 1, 1
P p1+p2’ q Q1+Q2'

Improvements of classical Sobolev inequalities involving Lorentz spaces are proved,
for example, in [ALT]. In the present paper we will only use the following generalized
Sobolev inequality: a positive constant Sy, depending only on p and N exists such
that

||U||LP*,P(Q) < SNJ?”UHWOLP(Q)? (2.7)

for every v € Wy (Q).

2.3 Definition of renormalized solution and statement of ex-
istence result

In the present paper we consider a nonlinear elliptic problem which can formally
be written as

—div(a(z,u, Vu) + K(x,u)) + H(z,u, Vu) + G(z,u) = p — div(F) in Q,
u=20 on 0f),
(2.8)
where @ : Q x IR xIRY — RY and K : Q x IR — IR" are Carathéodory functions
satisfying

a(x,s,£)€ > alélP, a>0, (2.9)
a5, ) < e [lEP~ + s +ao(@)] . ao(w) € LF(Q), e>0,  (210)
(CL(x?Sug)_a(‘an?n)?g_n) >07 57&7]7 (211>

| K (z, 5)| < colz)s|” + er(x),
(2.12)

0<~y<p-1, COGLTIL’T(Q), Z%STSﬂLOO, ¢ € LV (Q),

for almost every z € Q and for every s € IR, ¢ € RY, n € IRY. Moreover
H: QxR xRY — R and G : Q x IR — IR are Carathéodory functions satisfying

|1 (,5,)] < bo(w)[€]* + br (),
(2.13)
OS)\SP—L boELN’l(Q), b1 €L1<Q),



G(z,s)s > 0, (2.14)
|Gz, 8)] < di(x)]s]" + da(),

(2.15)
d1 € LZI’I(Q), dg € LI(Q),
for almost every = €  and for every s € IR and ¢ € IR, where
N(p-1) Np-1)1 1 1
0<t< —= = —- d —+—=1. 2.16
<t< N p z N—ptan _t (2.16)

Finally u is a measure in M, () that is decomposed in

p=f—div(g) + pg — py, (2.17)

according to Proposition 2.3, and
, N
Fe (L) . (2.18)

Remark 2.7 Observe that, by (2.4) if the function ¢y belongs to the Lebesgue space

LY(Q) for some ¢ > 1% and the function by belongs to the Lebesgue space L4(2) for

some ¢ > N, then the conditions ¢y € L%’T(Q), 1% <r < +oo, and by € LN (Q) (as
requested in hypotheses (2.12) and (2.13)) are satisfied.

In the present paper we consider renormalized solution to the problem (2.8). Before
giving the definition of such a notion of solution, we need a few notation and definitions.
For k > 0, denote by T}, : IR — IR the usual truncation at level k, that is

i - {

s |s| <k,
k sign(s) Is| > k.

Consider a measurable function u : Q — IR which is finite almost everywhere and
satisfies Ty(u) € W, (Q) for every k > 0. Then there exists (see e.g. [BBGGPV],
Lemma 2.1) an unique measurable function v :  — IRN, finite almost everywhere,
such that

VT, (u) = vX{ju<k} almost everywherein €, Vk > 0. (2.19)

We define the gradient Vu of u as this function v, and denote Vu = v. Note that the
previous definition does not coincide with the definition of the distributional gradient.
However if v € (LL.(Q))Y, then v € W21 (Q) and v is the distributional gradient of
u. In contrast there are examples of functions v & L; () (and thus such that the
gradient of u in the distributional sense is not defined) for which the gradient Vu is
defined in the previous sense (see Remarks 2.10 and 2.11, Lemma 2.12 and Example

2.16 in [DMOP]).



Definition 2.8 We say that a function u : Q —— IR, measurable on 2, almost
everywhere finite, is a renormalized solution of (2.8) if it satisfies the following
conditions

Tie(u) € WoP(Q), Vk > 0; (2.20)
P~ e L7 7(Q); (2.21)
IVuP~' belongs to  LY">®(1), (2.22)
where Vu is the gradient introduced in (2.19);
1
lim -~ [ V) Vup = [y, 2.23
n—lgloon n<u<2n a(x “ u> uy QSO Hs ( )
1
I 7/ u, V) -V :/d*, 2.24
B gy ) Vi = [ @224
for every ¢ € CP(Q);
1
I f/ K (z,u)||Vu| = 0: 2.25
Jm K@)V (2.25)

and finally
/Qa(x, u, Vu) - Vuh'(u)v + /Q a(z,u, Vu) - Vo h(u)
—i—/QK(x,u) - Vuh'(u)v —|—/ﬂK(m,u) - Vo h(u)

(2.26)
+ [ H,u, Voph(wo + [ Gl u)h(uw)

= [ fatwo+ [(g+ F) - Vuki@o+ [ (g+ F)- Voh(u),

for every v € WHP(Q) N L(Q), for all h € WH(IR) with compact support in IR,
which are such that h(u)v € W, ().

Since h(u)v € Wy*(Q) and since supp(h) C [-2n,2n] (for a suitable n > 0
depending on h), we can rewrite (2.26) as follows

/Qa($, Ton(u), VT, (w)) - Vo, (u) B (u)v + /Q a(x, Ton(u), Vs, (u)) - Vo h(u)
+ /Q K (2, Ton (1)) - VTon (w) B (u) + /Q K (2, Ton (1)) - Vo h(u)
n /Q H(z, Ton(w), V'Ton () ()0 + /Q (2, Tom ()Y ()

:/th(u)v+/ﬂ(g+F)-VT2n(u) h’(u)v+/ﬁ(g+F)-Vu h(w).

Let us observe that every integral in (2.27) is well defined thanks to the fact that
Ti(u) € WyP(Q) for every k > 0, h has compact support and the assumptions (2.9)-
(2.18).

(2.27)



Remark 2.9 Observe that every renormalized solution u of (2.8) is such that
N
p—1
G(z,u) € L*(Q) and H(z,u,Vu) € L*(Q),

thanks to the conditions (2.21) and (2.22), and the growth conditions (2.10), (2.12),
(2.13) and (2.15) on a, K, H and G respectively.

Observe also that, since p < N, then LY (Q) c LN'7(Q), 1%1 < r < 400 and
therefore the term K (z,u) does not belong in general to (L¥ ().

Moreover u is a solution of (2.8) in the distributional sense, that is u satisfies the

following equality

la(z, u, Vu)| € LN">=(Q), |K (z,u)] € LY'7(Q), <r < +oo,

/Qa(x,u,Vu)-qu—i-/QK(x,u)-ng—I—/ﬂH(m,u,Vu)gb—i—/ﬂG(m,u)qﬁ

(2.28)
~ [ odu+ [ Vo,
Q Q
for all ¢ € C5°(Q).
Indeed we take ¢ € C§°(2) and h = h,, defined by
0, |s| > 2n
ha(s) =< 2B < |s| < 2n (2.29)
17 |S| S n7

in (2.26); then we let n tend to infinity and we obtain (2.28).

The main result of the present paper is the following existence result (in Section 4
we state and we prove a generalization of the stability result of [DMOP])

Theorem 2.10 Under assumptions (2.9)-(2.18), there ezists at least one renormalized
solution u of (2.8) if one of the following conditions holds true

1)yv=A=p—1,¢ € LT]—VN’(Q), r < 400 and ||bo| zva(q) s small enough;
N

2) T=P— ]" A <p-— ]-; Co € Lp—l’T(Q>; r < +OO7'
N

3) v<p—1,A<p—1,cye Lr17(Q).

Remark 2.11 The counterpart of such existence result, that is the case y = A =p—1,
N T
bo € LNY(Q) and [|co| 27 (Q), 7 < +00, small enough and the case y < p—1, A =p—1

with ¢g € LTIL’OO(Q) and by € LM1(Q) (without smallness hypothesis on the norm) are
investigated in [GM].
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Remark 2.12 We assume that v = p — 1 and ¢y belongs to LP%’T(Q), r < 400 in

condition 1) and 2), while we assume that v < p — 1 and ¢y belongs to LTI*VVOO(Q) in
condition 3). Actually we prove Theorem 2.10, by using the stability result (Theorem

4.1) which holds true under the assumption that v < p — 1 and ¢y € L%’OO(Q) or
N
under the assumption that v = p — 1 and ¢y € L»-1"(Q), r < 400.

The proof of Theorem 2.10 is made by several steps. We begin by approximating
the data of the problem (2.8). Then we obtain the a priori estimate for the gradients
of the solutions u. to the approximate problems. We prove them in Section 3 below,
Theorem 3.2. The last step in the proof of Theorem 2.10 consists to pass to the limit
in the approximate problems. This is done by reconduce the problem to apply the
Theorem 4.1, which is an extension of the stability result proved in [DMOP] when
K(z,s) = 0; our result allows to deal with the term —div(K.(x,u.)) which is not in
general bounded in W=7 (Q).

3 Approximate problems and a priori estimates

We begin this Section by approximating the data of the problem (2.8). Then we
prove Thorem 3.2 below which gives the a priori estimates for the gradients of the
solutions u, to the approximate problems. Let us explain our method in the most
delicate case, that is v = A = p — 1. We firstly prove an estimate of the level
sets of the function |u.|, which allows us to choose a level set {|u.| > o} in such a
way that HCOHL is small enough. This allows us to obtain an estimate for

N

P (|ue|>0)
VT (ue) ||z (0~ which implies the estimate of |[Vu.[P~! thanks to the generalization
of the result of [BBGGPV] proved in [BMMP3] and stated below.

Lemma 3.1 Assume that Q is an open subset of RY with finite measure and that
1 < p < N. Let u be a measurable function satisfying Tp(u) € WyP (), for every
positive k, and such that

/Q VT ()P < Mk + L, Yk >0, (3.1)

where M and L are given constants. Then |u[P~1 belongs to Lp?’oo(Q), |VulP~t belongs
to LN>°(Q) and

p—1 .
I g

1
o

< C(N, p) [M+ \Q\;*Lﬂ , (3.2)
VU~ vy < CON,p) [M 410437 L

} : (3.3)

1
where C'(N,p) is a constant depending only on N and p and where — =

1
p N

e~
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Let us introduce the approximate problems.

The Radon measure with bounded variation p can be decomposed as

p=f—div(g) + pf — pu;,

/ N .. .
where f € LY(Q), g € (Lp (Q)) and pf and p; (the positive and the negative parts
of 1) are two nonnegative measures in M;(£2) which are concentrated on two disjoint

subsets E* and E~ of zero p-capacity, according to Proposition 2.5.

As in [DMOP] (cf. [BMMP3]), we approximate the measure p by a sequence fi.

defined as
He = fs - diV(g) + )‘SB - A??
where /
fe is a sequence of L” () functions
that converges to f weakly in L'(Q),
A& is a sequence of nonnegative functions in L¥ (1)
that converges to u in the narrow topology of measures,
and

\S is a sequence of nonnegative functions in L¥ (1)
that converges to p; in the narrow topology of measures.

Observe that pi. belongs to W~=1#(Q).
Let us denote by
K (x,s) = K(x,Ty,:(s)),

Hg(l’, S, f) = Tl/a(H(x) S, 5))7
G.(z,5) = T1/:(G(z, 5)).
Therefore, by assumptions (2.12)-(2.15), we have
|Ke(z,5)] < [K(x, )] < co@)s]” + er(2),

Kol 5)] < cofa) = +r(a),

’HE($7S>€)| < ’H(.T,S,f)’ < bo(%)‘f’/\ +b1(x)7
Ho(r,,)] <

Ge(z,s)s >0,
|Ge(,8)| < |G (2, 8)] < da(2)]s]" + da(2),

|Ge(,5)] <

m | =

12



Let u. € W, 7(Q) be a weak solution of the following problem

{—div(a(x, Ue, Vue) + Ko (z,ue)) + He(x, ue, Vue) + Ge(z,u) = pe — div(F)  in Q

ue = 0. on 0,
(3.17)
ie.
u. € Wy (Q)
/ a(z,us, Vu,) - Vv +/ K. (z,u;) - Vv
Q Q
+/ Ha(:n,ug,Vug)ij/QGE(x,ug)v (3.18)

= [ fo+ [+ F)- Vot [ Av— [ A0,
Q Q Q Q

Yo € W, P(Q).
The existence of a solution u. of (3.18) is a well-known result (see e.g. [L], [DPo2],
(G2]).

The main result of this Section is Theorem 3.2 below which gives an a priori estimate
for [Vu.|P~t.

Theorem 3.2 Under the hypotheses of Theorem 2.10, every solution u. of (3.18)
satisfies
Vel v oy < € (3.19)

(3.20)

— Y

(@)
where c is a positive constant which depends only on p, |Q|, N, a, ||bol|Lv.1 0y, |01 L1 @),
oo g ey Nl s DTy B i, sup (A2(60) +32(90)

and on (co)* the decreasing rearrangement of cg.

el o S

Proof of Theorem 3.2

Let us begin by proving Theorem 3.2 when assumption 1) in Theorem 2.10 is

satisfied, ie. y=A=p—1,c € LTIXl’T(Q), Z% < r < 400 and |[b]| v () is small
enough.
First step. In this step we prove the estimate of the level sets of the functions |u.]|
given by (3.39) below. It is performed through a "log-type” estimate on u. (cf. [B],
[BOP], [BGul], [BGu2]).

Define the function ¢ : IR — IR by

U(s) = /08 (1d7“ (3.21)

Ar'/p 4 |r])P ’

13



where A is a positive constant which will be specified later.
Observe that the following property of ¥ (s) holds true

[¥(s )|<Al,, Vs € R. (3.22)

Observe also that 1(s) is a Lipschitz function such that 1(0) = 0. Therefore, since

u. € WyP(Q), the function (u.) belongs to W, ?(€). This allows us to use 1(u.) as
test function in (3.17). Then we get

| @l Vuo) - V' (w) + [ Kele,u) - Voo (u)
+ [ Hel, e, Vi) + [ G, u)ui(un) (3.23)
= [ v+ [(o+ F) - Vud/(u) + [ 3w = [ A,

Now we evaluate the various integrals in (3.23).
By the definition (3.21) of ¢(s) and ellipticity condition (2.9), we obtain

’ | \ u5|p
. >
/ (I(ﬂ?, Ug, C U’E) C us'l/} ('U/E) ~ /

R (3.24)

Let us now estimate

/QKE(m, ue) - (u)Y' Vue|.
By the growth condition (3.10) on K. and Young’s inequality, since % <1
and (AP/P 4 |u.|)P > AP we get

‘ /QKs(xaue) : VU5¢/(ua)
< [ ol () el (V| + [ exfu () Vs

—/c| e L +/ [V
0fthe (AP/P 4 |u.|)P Y(AY TP 4 fug|)p

3v'/p a/ |Vu|?
(

< el e ¥ 55 o m + gy

N 3?/2’ / Cil)/ X « / |VU€|p
p’ap’/P o (Ap,/p—I— ’u‘s’)p 3p Jo (Ap//l?_|_ |U5|)p

/

3P /p / 1 / 2 |VU |p
P P trel
= Yol (el + rlentiey) + 3p A (AP [u )P

Moreover, since we assume that p < NN, then p’ <

N This implies, since 2~ < r
p—1 p—1

that LP%’T(Q) C L¥(Q) and by inequality (2.6), we get

llcoll o @ = ||1||

N
1)(1\1 )t( Q) LP=17(Q)

14



1.e.
Np (=D)(N-p)t

Q3 [eol|
1)(N = p)t LT (@)

lcoll £ ()

= -
where t is defined by ; = % + %
Therefore

[ Kelau) - Vo ()

3p'/p Np p
< /
~ parlr ((p - DN —p)t>
+2a/ |Vu|P
3p Jo (AP/P + |uc])P

Let us now estimate ‘/ H.(z,u., Vua)w(ug)’.
Q

By the definition (3.21) of ¥(s), the growth assumption (3.12) on H,, the property
(3.22) of ¥(s) and the generalized Holder inequality (2.5), we have

/

1 o
]XIJ(Q) + FHCIHLIJ(Q) (325)

‘/QHE(aj,ug,Vus)w(us)
< [ woluc ) + [ )

! (3.26)
_— p—1
< | [ oVl + [ bl
1 -1 b
< 7 bollwa@ [ Vuel ™ vy + loa ey
Moreover, by the “sign condition” (3.14) on G., we get
[ Gelauyue) = 0. (3.27)
Q
Finally, since (A7/P + |u.|)P > AP, we have
/(g + F) ' VUEW(%)
[ g+ F)-Vu,
/ (A¥ (AP /P + |u_|)P |uc|)P (3.28)
- 3P P’ /p 7 ‘Vuslp
- p/ap’/pAp’ H9+ H(LP( Q)N + 3p/ (Ap’/p + |u€|)1’
and, by (3.22), we also get
[ vt < el (3.20)

15



[ vt £ 5 A2@)
[ Aot < Ac@)

Combining (3.23)-(3.31), we get

/ |Vu|P
2 A7V + [u.])

317 /p Np p (N —p)t ’
< — Q7 fleoll” s,
ar' P\ (p — 1)(N — p)t 717 ()

P .
+ 2 LIl IV e
3p'/p »
W(HQHL +||9+F|| o) T Mo
where
Mo = L0y + b 1. s + sup AZ(2) + (6]
Define
p/ 1
z%ﬂ+{mmwmmv%wnwwﬁ
L ,
v p/p(” 1|| +H9+F”(Lp’(g))N>+MO :

Observe that A > 1 and therefore Ap, < %. This implies that

/

/ |Vu€‘p - ap'/p Np p ‘Q‘(N;]p)tuco”pl ey
o (AP/P + [ucl)p = o'/t \ (p — 1)(N —p)t L7 ()

On the other hand, by Poincaré inequality, we get

|Vu.|? ”
/(AP/P—|— ) / ‘Vlog (AP'/P 4 |u, \)‘

_ | |
_/Q V log <1—|— A
> (N )/ log | 1+ juc] )"
-_ 7p Q g Apl/p *

p

16
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(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)



Therefore for any 1 > 0, we have

o |
log(1 4+ n)]" Jjuc|znar' /vy

< 1/ log [ 1+ [e] ’
= Tog(1+ ) Jijuerznarsy |8 AP'/p

< e rap o5 )|

meas {|u6| > nAp//p}: [log(1 +n)]”

Denote

/

1 3p'/p Np p (N—p)t ,
C* = Q N p 1
[ap//p+1 ((p _ 1)(]\7 _ p)t) ‘ | HCOHL%’T(Q) +

Combining (3.35) -(3.37), we get

/ C*
| > nAP 2 Y —
meas {|U | =7 } = [log(1 + )"’

for any n > 0, or, equivalently, for any v > 0

/ 1
meas 1 |u.| > exp(C*v)AP ml< =
{| | P

v

Second step. Using in (3.18) the test function Ty (u.), we obtain

/Qam’ Uz, V) - VT (ue) + /Q K.(z,u.) - VT(u.)
+/QH5($,UE,VUE)TI€(UE) +/QG8(37’UE)TI<:(UE)
= /ﬂ fTe(us) + /Q (g + F) - VTi(ue)

4 ] W) = [ T,

Now we evaluate the various terms in (3.40).
By ellipticity condition (2.9), we obtain

/Qa(x,ua, Vue) - VT (u.)= / a(x, ue, Vue) - Ve

{lue|<k}

> a/ﬂ VT ()P

Let us now estimate

/QKE(m,ug) - VT (ue)

17
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(3.38)

(3.39)

(3.40)

(3.41)



Denote
o = exp(C*v)AV/P, (3.42)

where v is a positive constant which will be specified later.

Since by the generalized Sobolev inequality (2.7), Ty (u.) belongs to LP"P(2), then
T (u.) belongs also to LP™*(Q) for any p < t < +oo. Moreover, by the growth condition
(3.10) on K., the generalized Holder inequality (2.5) and the Young inequality, we get

‘ /QKg(x,ua) - VT (ue)

< [ colue VT + [ @l V()

= mnwaw%vnmﬂ+/ alTu(w )P VIR + | e VT (we)]

|uc|>o
< ||CUHLP 7 (| HTk(UE)HLp () ||VTk<ua)” (Le(Q)N
3p'/p . »
p/ap'/p"p||00||m’<m * @“VT'C(%)”(M(Q))N
3p'/p

’ &Y
+p’ap’/p lex lep'(Q) + 3p IV () oy

200
< C(N,p,|Q)] ||VTk(Ua)||(Lp(Q %HVTk(Ue)H&p(Q))N

N
T (Jue
/

3p'/p » . N
+Eﬁg@w%MWm+WAW@%

(3.43)
where ¢ is choosed such that 1 + 2% + % = 1 and where C'(N,p,|Q?|) is a positive
constant which depend only on N, p and |€].

Let us now estimate ‘/Q H.(z,u., Vug)Tk(ua)‘.

By the growth assumption (3.12) on H. and the generalized Holder inequality (2.5),
we have

‘ /QHE(x,us,Vue)Tk(ug)

(3.44)
< e (1001l 00l Vel vy + a3
Moreover, by the “sign condition” (3.14) on G., we get
/ Ge(x,u)Ti(u:) > 0. (3.45)
Q
Finally
L FT ) < kg, (3.46)
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pl

o 3
[0+ P V) < S IV s + o+ Fl o (3.47
[ 26T | < (@) (3.48)
Q
[ 2T | < (@) (3.49)
Q
Combining (3.40)-(3.49), for any k > 0, we get
IV Tk (ue) {10
p
= a (N D, ‘Ql) | Elzg)Hka(uf)HszP(Q))N
p/ b p—1
+= UMMW@MV%|wamﬁWM
+ozp'/p+1 (UPHCO“Z)’(Q) + ||Cl||l[),p/(Q) +lg + FHI()LP/(Q))N) 3

where M, is defined by (3.33).
On the other hand, since (3.39) holds true, we can choose ¥ = v in such a way that

/ 1
meas{|u5| > exp(C1v)AP /p} < <7
Z

for some 7 > 0, implies

/

1
N,p,|Q D)
( P ’ DH OHLp T (Jue | >exp(C1 7)) 2

Observe that such 7 is independent on ¢.
Therefore we obtain

VT (u) [ oy < Mk + L Yk >0, (3.50)
where
* 2p, p—1
M == [lboll s Vel v oy + Mo
i} 3p'/p . "
L =2 (0 el ) + ety + 19+ F I gy))

and M is defined by (3.33).
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By Lemma 3.1, the definition (3.42) of ¢ and the definition (3.34) of A, we get

1
I

1
Ve vy < OV, ) [ M+ 101 (L)
/

p _ P
< C(N,p) {ZOCHZ’OHLNJ(Q)”WUEV’ o oo + 25 Mo

1 lgp’—lJrl/le/p’ ( pC*

1
e P 7) Alleoll oy + el + 19+ Flloow o )]},

and then
Ve P~ ooy < C**

e (24109 2 op P al i (351

X HbOHLNvl(Q)H|vu8|p_1||LN'1°°(Q)a

with

/ 11 3p’71+1/p21/p’ C*
€ = CN, 22 Mo+, )l | S exp(P

Mol s
p/

3
(1 el + o+ Pl
+M())+
e gy + 19+ 1, ]

Since we assume that |[bg||;~.1(q) is small enough, or more exactly,

(67

1bol[Lv1() < T 1 , -
p’C(N,p) (2+|Q’]\ﬂ_p’3p 1+;/p21/p eXp(pi,V)HCOHLP'(Q)>

Y

we obtain (3.19).
Now we prove (3.20). By (3.50) and Lemma 3.1, we obtain

pl*(L*)pl’}

Y _
= C(N7p){2a 190l v ) 11V 2P~ [ v gy + Mo

el ey < OV, p) [ M+

o 3[)//1) ) p, p, p, 1/p/
2 Ol + e+ 1+ FlEpiayn)] b

P
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By a calculation similar to that made for estimate (3.51) of [Vu.[P~!, we obtain (3.20)
and therefore the conclusion of the proof of Theorem 3.2 under the assumption 1) of
Theorem 2.10.

We now prove Theorem 3.2 when assumption 2) in Theorem 2.10 is satisfied, i.e.
’yzp—l,>\<p—1andC()ELPNj’T(Q), p—J_Vlgr<oo.

Observe that the assumptions on v and ¢y are exactly the same of the previous
case, while we now assume that A < p — 1 (and not more A = p — 1 and ||bol[z~1(0)
small). Therefore the estimates of the various integrals in (3.23) and in (3.40) are

exactly the same, except the estimate (3.26) of / H. (z,u., Vue)w(us)‘ and (3.44) of
Q

/QHE(QZ,UE, Vu )Ty (ue)|.

Let us explain the method to replace the estimate (3.26) in this case. By a
calculation similar to (3.26), since A < p — 1, we obtain

1
/QH&-(ZE,UE,vug)w(Us> S ﬁ |:H1||L0,oo(Q)Hb0HLN1 H]VUEV’ 1”LN’OO(Q + ||b1||L1(Q)

(3.52)
where 6 is defined by % = 1) 7 +1 7 = 1 and where
y 11751
A=147 { 15y ol oy 1Pl 170
3v'/ y
v p/p(H 1|| +Hg+F”(Lp’(Q))N)+M0
Let us explain the method to replace the estimate (3.44).
Since A < p — 1, we obtain
/ He (2, ue, Vue ) Ty (ue)| < k [HlHLeoo y[[boll vy || Ve~ 1HLN/ () T 0121
(3.53)

By replacing estimate (3.26) by (3.52) and the estimate (3.44) by (3.53), we argue as
in the previous case and we obtain

Vel ] vy < €™

/ 7_73[)’ C*
—i—%C(N,p) <2+|Q|1\}’ pl’;exp(p Y

Mool ) Wl 9 1

Since A < p—1, we obtain the estimate of ||[Vu.["~!|| ,x1.0c () (Without any assumption
on the smallness of ||bg[[z~1(q)). Similarly we get (3.20).

Finally let us now prove Theorem 3.2 when assumption 3) in Theorem 2.10 is
satisfied, i.e. y<p—1, A<p—1,¢ € Lp%"’o(ﬂ).
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Using T (u.) as test function, since v < p — 1 we easily obtain
IV T (o) [ eyyy < M7k + L,

where

31 = C(0,7,9) (110w ol Vet g+ M)

p—1
= ) 1672+ el + 1+ Pl
By Lemma 3.1, we get:

1
Y

1V~ ey < OOV, ) [3 + 1073 (19)7]

el ey < CON.p) [ 317+ 190 (£

and by definition of M*, since A < p — 1 we obtain (3.19) and (3.20). [

To conclude the proof of Theorem 2.10, we have to pass to the limit in the
approximate problem (3.17). As in [BMMP3], the idea is to prove that u. satisfies

—div(a(z, ue, Vue) + Ke(z,u.)) = fo — Ve —div(g) + div(F) + A2 — A2 in D'(Q),
{ u. € Wy (Q),

(3.54)
where

U, = H.(x,u., Vu.) + Ge(z,u:) — H(z,u,Vu) + G(z,u)

3.55
in L'(Q) strongly, (8:55)

and to apply a stability result which allows to pass to the limit in (3.55).
We devote next Section to prove the stability result, which we need.

4 A generalization of the stability results of [DMOP]

In the present Section we prove a generalization of the stability result given in
[DMOP] (see also [MP] and [M]).

The main feature of our result is due to the term —div(K.(x,u)), where K.(z,u)
belongs to (LY"°(Q))N. Since p < N, we have (L¥(Q)Y < (LY>(Q)), which
implies that K.(x,u) does not in general belong to (L” (€2))" and therefore the term
—div(K.(z,u)) is not in general an element of the dual space W~ (Q).

We explicitly remark that the proof of stability result in [DMOP] (Theorem 3.4)
can be adapted to our case, however here we use a slightly different method.
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In the present Section we consider a nonlinear elliptic problem which can be formally
written as

(4.1)

—div(a(z,u, Vu) + K.(z,u)) = g in  Q,
u=20 on Of.

where £ belongs to a sequence of positive numbers that converges to zero and the
function @ : Q x RxIRY = IRY is a Carathéodory function which satisfies
assumptions (2.9), (2.10) and (2.11)
Moreover K, : Qx IR +— IRY is a Carathéodory function which satisfies the growth
condition (2.12), i.e.
[ Ke(z,5)] < coa)]s]" + ca (), (4.2)

for almost every x € () and for every s € IR, where ¢y and ¢; satisfy the assumptions in
(2.12). Denoted by K : Q x IR — IRY a Carathéodory function, we also assume that

K.(x,s.) — K(z,s)
for every sequence s. € IR such that (4.3)

s. — s almost everywhere in €.
Finally we assume that p. is a measure in M;(Q2) which can be decomposed as
pe = fo — div(g:) + A2 = AZ,
p=f—div(g) + ud —py,
where, denoted by p the measure in M,(Q2) given by (2.17), we assume that

fell(®
ts = i — py is a measure in M,(Q) with (4.4)

positive and negative parts p and u; respectively;

f- is a sequence of functions in L(2) such that (4.5)
fo — f in LY(Q) weakly; ‘
g is a sequence of functions in (L” (€2))" such that (4.6)

g- — g in (L (Q))N strongly; .
AP is a non negative measure in My(Q2) such that (4.7)
AY — pf in the narrow topology; '
MY is a non negative measure in M,(£2) such that (48)
AS — u; in the narrow topology. ’

Observe that, according to Proposition 2.5, we can decompose A¥ and A2 in the
following way
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AT =200+ AL, AT =25+ AL

with )\go, )\20 € My(Q), )\go, /\59,0 > 0and A2, AT, € M,(Q), \Z,, AZ, > 0.
On the other hand, using Propositions 2.4 and 2.5, the measure p. can be
decomposed as
He= He 0 + He s
= e + 1l — B

where i o is a measure in My(€2) and where 1, and p_, (the positive and the negative
parts of p. ) are two nonnegative measures in M (2), which are concentrated on two
disjoint subsets EX and E- of zero p-capacity.

Therefore we can conclude, by the definition of p,., that

Heo = fz—: + dlv(gs) + )\?70 - >\5@,0> (49)

and
_ \® [S)
Hes = )\E,s - >‘s,s‘

We have (cf. [DMOP], Remark 3.5)
0<ply, <A, 0<p., <A, (4.10)
We prove the following theorem

Theorem 4.1 Assume that (2.9), (2.10), (2.11), (4.2), (4.3), (4.4)-(4.8) hold true

with y =p—1 and ¢y € L%’T(Q), z% <r < +oo. Let u. be a renormalized solution
of (4.1). Then, up to a subsequence still indexed by €, u. converges almost everywhere

to a renormalized solution u to the problem

u=10 on 0f), (4.11)

{ —div(a(z,u, Vu) + K(z,u)) = p in €,
and moreover Tj(uz) — Ty(u) in W, (Q) strongly, Yk > 0.
The same conclusions hold true if we assume that (4.2) holds true with v < p — 1

and ¢y € L%’OO(Q).

Remark 4.2 The stability result given by Theorem 4.1 coincides with the stability
result proved in [DMOP] (Theorem 3.4) (see also [M]) when K. = 0. Therefore we prove
an extension of such a result. We explicitly remark that our proof is slightly different.
As in [DMOP], our stability result implies an existence result for renormalized solution
to the problem (4.11); such a result extends the existence result proved in [BGu2] in
the case where p belongs to L'(Q).
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Remark 4.3 Observe that, by the growth assumption (4.2) and the convergence
assumption (4.3) on K., we deduce

|K (z,8)] < co(x)|s]” + c1(x), (4.12)

for almost every x € ) and for every s € IR.
Observe also that, since a renormalized solution u. to problem (4.1) and a renor-
malized solution u to the problem (4.11) satisfy the conditions

luc Pt € LNL*F’OO(Q) and |u|1”_1 € LNL*WOO(Q),

by growth assumptions (4.2) on K. and growth condition (4.12) on K, we deduce that

N
K (z,u.)| € LN]il’”"(Q) and |K(x,u)| € LN]L’T(Q), o <r < +oo.
p_

On the other hand, since p < N, LF(Q) C L%’OO(Q). This implies that, in
general, K.(x,u.) and K (z,u) does not belong to (L” (€2))" and therefore the terms
—div(K.(x,u:)) and —div(K(z,u)) are in general not elements of the dual space

WP ().

Remark 4.4 Observe that Theorem 4.1 holds true under the same assumption, if we
replace the right-hand side by a more general datum p — div(F), with F' € (L' (Q))".
Indeed K.(z,s) (resp. K(x,s)) can be replaced by K.(z,s)— F(z) (resp. K(z,s)—F)
which verifies conditions (4.2) and (4.3) (with ¢; replaced by ¢; + |F).

Proof of Theorem 4.1
We begin by proving Theorem 4.1 under the assumptions that v = p — 1,

1
be used only to obtain a priori estimates for |u.|P~' and |Vu[P~! in the preliminary

step below and to prove (4.24) and (4.25) in the second step below.
Preliminary step. We begin by proving the following a priori estimate for the
renormalized solution u,

co € Lr1"(Q), % < r < oo. Observe that from now on, such assumptions will

e P~

<c, (4.13)

N o
Lr=1"7(Q)
Vel | v ooy < € (4.14)

where ¢ is a positive constant depending only on the data, which does not depend on
€. This is done by adapting to the case of renormalized solution u. the techniques used
in the proof of Theorem 3.2 above which allows us to prove the same a priori estimate
for the weak solution of problem (3.17). Since the arguments are very similar to that
of Theorem 3.2, we do not give the details, but we only give a sketch of the proof.

25



Since u, is a renormalized solution, we have
/a(m, e, Vue) - Vue I (ug)v + / a(z,ue, Vue) - Vo h(u,)
Q Q
+/ K. (x,u.) - Vue h' (us)v —i—/ K.(x,u:) - Voh(u)
Q Q
= sh € / e’ \% € n € / e Vuh €
/Qf (w)v+ | g Vuh(w)o+ [ g Voh(u)

+ /Q AZoh(u)v + /Q ASoh(us)v,

(4.15)

for every v € WHP(Q) N L>®(Q), for all h € WH(IR) with compact support in IR,
which are such that h(u:)v € WyP(9Q).

Firstly we use in (4.15) the test function h,,(u:)y(Ton(u.)) where h,, is defined by
(2.29) and 1) is defined by (3.21) (with A = 1). Then by calculations similar to that of
first step of the proof of Theorem 3.2, we get the following estimate for the level sets
of u,,

1
meas{|u:| > exp(C*n)} < —s V>0, (4.16)
Ui

where C* is defined by (3.38).

Secondly we use in (4.15) the test function h,(u.)Tk(u.) for every k > 0, where
hn(s) is defined by (2.29) and, using calculations similar to that of second step of the
proof of Theorem 3.2, we get

IV T (u) oy < Mk + L, VEk >0 (4.17)

for some M > 0 and L > 0. This implies, by Lemma 3.1, (4.13) and (4.14).

Estimate (4.17) and the growth assumptions on K., since the operator a is strictly
monotone, allow us to use standard techniques (see, e.g., [BMu] and [DMOP]) to say
that there exists a measurable function u : 2 — IR, finite almost everywhere in
and such that, up to a subsequence still indexed by e,

Ti(ue) — Ti(u) in WyP(Q) weakly, Yk > 0, (4.18)
us — u almost everywhere in €, (4.19)
Vu. — Vu almost everywhere in €2, (4.20)

as € goes to 0.
First step. In this step we prove that the function w is solution of (4.11) in the sense
of distributions.

By assumption (4.3) and (4.19), it follows that K. (x, u.) converges to K (x, u) almost
everywhere in 2. Moreover, the growth assumption (4.2) on K. and the estimate
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(4.13) of |u.|P~! imply that |K.(x,u.)| is bounded in LY">°(2). Therefore Lebesgue
convergence theorem gives

K. (z,u.) — K(x,u) in L"(2) strongly, Vr < N/(N —1). (4.21)

In a similar way by (2.10) on a, (4.13), (4.14), (4.19) and (4.20) and Lebesgue
convergence theorem, we get

a(z,us, Vue) — a(z,u, Vu) in L"(Q2) strongly Vr < N/(N —1). (4.22)

Since u, is a renormalized solution, it is also a solution in the sense of distribution of
(4.1), that is

/Qa(x,ug, Vue)-Vo+ /Q K(z,u.)-V¢ = /qud,ug, (4.23)
for all ¢ € C§°(Q2), (cf. Remark 2.9 above). Therefore, using the convergences in (4.21)

and (4.22) and the assumptions (4.4) - (4.8), we easily can pass to the limit in (4.23)
and obtain that w is solution in the sense of distribution of (4.11).

Second step. In this step we prove that

1
lim limsu —/ K.(r,u:)||Vu.| =0, 4.24
Jim lim sup — {n<|u5|<2n}| (@, ue)[[ V| (4.24)
and .
limsup—/ | K (z,u)||Vu| = 0. (4.25)
n—oo N J{n<|u|<2n}

Since by the generalized Sobolev inequality (2.7), Ty(u.) € LP'(Q) for any
p <t < +o0, by the growth condition (3.10) on K, the generalized Holder inequality
(2.5) and (4.17), we get

1 1 - 1
- K. (2, ) || V.| < f/ colue P~V V| +7/ e[V |
N Jn<|us|<2n N Jn<|uc|<2n N Jn<|ue|<2n
1 - 1
< [ T V) 4= [ eV
N Jn<|us|<2n N Jn<|us|<2n

c
< EHVTQn(Ua)”I(JLp(Q))N||CO||

1
T leill o Y IV Do (ue) || zr ()

N_ ..
Lr—1" ({n<|uc|<2n})

+

< elleoll 2 cpurcanyy T Cpi el @)

(4.26)
Moreover
N
LP—T7" ({n<|uc|<2n})

! = ([ e )
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tends to 0 when firstly & goes to zero and then n goes to infinity (indeed u. converges
to w a.e. in Q and w is finite a.e. in Q). Therefore we obtain (4.24) by using Fatou
Lemma in (4.26).

In a similar way, we get also (4.25).

Third step. In this step we prove a slightly different version of Lemma 6.1 of [DMOP],
i.e. we prove that

1
lim sup lim sup — a(z,ue, Vue) - Vue o < / pdut (4.27)
n—00 e—=0 N J{n<u-<2n} Q
and {
lim sup lim sup — a(z,ue, Vue) - Vue p < / edpy (4.28)
n—o0 e—=0 N J{-2n<u.<—n} Q

for any ¢ € C'(Q) with ¢ > 0.
We begin by proving (4.27).
For any n > 1, let us define the s, : IR = IR and h,, : IR — IR by

sn(r) = Ton(r) — Tn(r)7

n

h(r) = 1 = |sy(r)].
Denote vt (z) = max{0,v(z)} and v~ (x) = max{0, —v(z)} for almost every z € Q.
Using the test function h,(u.)s,(ul )¢ in (4.15) and letting 7 goes to infinity, we have

1
/ a(z,ue, Vue) - Vs, (ul) + —/ a(z,ue, Vue) - Vuep
Q {n<us<2n}

n

1
—I—/ K (z,u.) - chsn(u;“) + —/ K (z,u.) - Vuep
Q {n<ue<2n}

n

1
=/ fssn(UJ)¢+/ gs-Vsosn(ui)Jr*/ 9 - Vucp
Q Q n J{n<us<2n}

[ s )eddZy + [ it~ [ salul)ed\S,
Q ’ Q ’ Q ’

(4.29)

for any ¢ € C'(Q) nonnegative.

Now we pass to the limit in the various terms in (4.29), first as ¢ — 0 and then as
n — oo.

Since s,(ul) is bounded by 1, we have

sp(ul) — s,(u™) almost everywhere and weakly-* in L>((). (4.30)

Therefore, from (4.21) and (4.22), it follows that

lim [ a(z,u., Vu.) - Vs, (ul) = / a(z,u, Vu) - Vs, (u'),
Q

e—=0.JQ
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and
lim K(x,us) Vs, (u /K:U u) - Vs, (u').

e—0

Since both the functions a(x,u, Vu) and K(z,u) belong to (L"(Q))" for 1 < r <
N/(N—1), s,(u™) is bounded by 1, s,,(u™) — 0 almost everywhere in Q and ¢ € C*(),
Lebesgue convergence theorem implies that

lim lim [ a(z,u., Vu.) Vs, (ul) = lim [ a(z,u, Vu) Vs, (ut) =0, (4.31)

n—o0 e—0 /O n—+oo JO
. N = [ + . =
Jgrgolg% QK (7, u) - Vs, (u]) nl_lg{loo an(u VK (z,u) - Vo =0. (4.32)

Moreover, from (4.24), we get

1
lim lim sup —/ | K (2, u:)||Vuelp = 0. (4.33)
n<|ue|<2n}

n—oo e—0

Since f. converges weakly to f in L'(Q2) and since s, (u}) converges to s,(u") almost
everywhere while |s,(ul)| <1 a.e., Proposition 2.6 gives

nh_{gl(}ll_r}%/ fesn(ul)p = nh Oo/ fsn(u =0. (4.34)
Furthermore, by (4.6), since s, (ul) converges to s,(u") almost everywhere, we get

lim hmsup/g8 Vs, (ul —nhm/g Vs, (ut) = 0. (4.35)

On the other hand, Holder’s inequality implies

1 1 1 e
- v < so () —— , 7/ A\ ’
n /{n<ug<2n} g e = HQOHL (Q)nl/p ||ga||(LP @nr <n {n<u5<2n}| UE| )
from which it follows (using (4.17))
- 1
lim lim sup — / g - Vusp = 0. (4.36)
n—oo - 40 n<us<2n}

Since 0 < pf, < A&, (see (4.10)), ¢ > 0, 0 < s,(u}) < 1 and since AT, is a positive
measure, we have

Jsntutyodo+ [ pdt, < [ oahZy+ [ ode, = [ su(ul)edr,
Q ’ Q ’ Q ’ Q ’ Q ’

(4.37)
g‘/'¢dA?.
Q
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Combining (4.29)-(4.37), we get for every ¢ € C1(Q) with ¢ > 0

1
y e, Vi) Vit S wle,n) + [ pdA,
n/{n<u5<2n}a<xu U) e W( n) QQO

where w(e, n) denotes a function such that lim limsupw(e,n) = 0.
o0 0

Since AP — uf in the narrow topology, we obtain (4.27).

Using s, (u_ )¢ and similar arguments we have also (4.28).
Fourth step. In this step we prove that the limit function u is a renormalized solution
to the problem (4.11).

We begin by proving that for every v € WHP(Q)NL>*(2) and for every h € W1(IR)
with compact support in IR, which are such that h(u)v € Wy (), we have

/Qa(x,u,Vu) - Vuh!(u)v + /Qa(x,u, Vu) - Vo h(u)
—|—/QK(x,u) - Vuh'(u)v +/QK($,U) -V h(u) (4.38)
:/th(u)v—k/ﬂg-Vuh’(u)v%—/Qg-Vvh(u).

For any § > 0, let us consider two cut-off functions 15 and 1; belonging to C°(2)
such that

0<ty <1, 0<¢y <1, supp(¢y) Nsupp(vy) = 0; (4.39)
lim [ [V =lm [ Vel =0 (4.40)

tim [ wfdu; =0, lim [ vt = o; (4.41)

tin [ (1= o)t =0, lim [ (1= w5)dp; =0 (4.42)
lim lim /Q Y5 dXE =0, limlin /Q YT NS = 0; (4.43)
linlim [ (1= 0;)dA2 =0, limlim [ (1—;)dAe =0, (4.44)

The existence of such cut-off functions is proved in Lemma 5.1 of [DMOP].
Moreover let h be an element of W1>(IR) with compact support and let v €
WhP(Q) N L®(Q) such that h(u)v belongs to Wy ().
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Using the test function h, (u:)h(u)v(1 — 15 — 5 ) in (4.15), where h,, is defined by
(2.29), we get

/Q R (u)h(w)o(1 — ¥ — 05)[a(z, ue, Vo) + K. (z,u.)] - Vi

+ [ W (u)hp(u)v(l —vf —¥5)[alz, ue, Vu.) + K. (z,u.)] - Vu

+ h(u)h(u)(1 — wf — 5 )[alz, ue, Vu.) + K. (z,u.)] - Vo e
+ [ ha(ue)ola(e, ue, V) + Ko, ue)] - V(1= 0F —47) |

= | Fha(u (ot = v = 07) + [ gV [ha(w)h(wpo( 5 — )
[ Ba(u)h()o(t = = v7)dAE = [ ha(u (e = o =65,

We now pass to the limit in (4.45) first as ¢ — 0, then as n — oo and finally as 6 — 0.
From (4.24), we have

Jim limsup / h! (uo)h(u)v(1 — b — 5 VK (2, u.) - Vu.| = 0. (4.46)
e—0
By (4.27), since (1 — ¢§ — 5 )a(z, u., Vu.) - Vu, is positive, one has
1
0 < limsup limsup — |h(u)v|(1 — ¥ — 5 )a(x, u., Vu,) - Vu,
n—00 e—=0 N J{n<|u:|<2n} (447)

< hlleemollolle ([ (=0 = o5t + [ (1= i = v)dn; ).

and therefore (4.41) and (4.42) lead to

1
lim lim sup lim sup /{ o \h(u)v|(1 — 5 — 5 )a(x, us, Vue) - Vu, = 0. (4.48)
n<|ues|<2n

0—0 n—ooo es0 N

By the weak convergence of Th, (u.) in W,y (Q), we deduce that a(z, T, (ue), Vo (1))
converges to a(x, Ty, (u), Vs, (u)) weakly in (LP(Q2))Y. Moreover, since h,(u.) is
bounded by 1 and converges to h,(u) a.e., this implies that

lim h (W) hp(u)v(1 —f — 5 )[alz, ue, Vu,) + K. (z,u.)] - Vu

e—0

= / h'(u v(1 —of —¥5)a(x,u, Vu) + K(z,u)] - Vu

On the other hand supp(h) is compact, that is supp(h) C|] — M, M| for some M > 0.
Therefore a(x, u, Vu) in the last integral can be replaced by a(x, Th(u), VT (1)) which
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belongs to (L¥ (2)). Moreover, by (4.40), ¢§ and ¢; converge to 0 strongly in W2 ()
as 0 tends to zero. Thus, we obtain that

lim lim lim h’(u)hn(ug)v(l — o —y)[a(x, us, Vu.) + K (z,u.)] - Vu

0—0n—00e—0

(4.49)
—/h' a(z,u, Vu) + K(z,u)] - Vu.
Similar arguments yield that
. . . _ + _ — .
(l$1_r>% Jim ll_{% A h(u)hy(ue)(1 = — 5 )a(x, us, Vue) + Ko(x,u:)] - Vo (150)

—/ la(z,u, Vu) + K(z,u)] - Vv
and

lim lim lim [ A(u)h,(ue)v[a(@, ue, Vue) + Ko (z,ue)] - V(1 — ¢ —5) =0. (4.51)

d—0n—o00e—0 /O

Using Proposition 2.6, the point-wise convergence of w. (4.19), the definition of h,,
(2.29) and the property (4.40) of ¢ and 15, we obtain that

lim lim i [ o (wc)h()o(1 = = v57) = [ fhu)o. (4.52)

Similarly it can be shown that

lim lim lim/ge (W)o(1 = bF — ;)] :/Qg~V[h(u)v]. (4.53)

6—=0n—00e—0

Since )\?0 is a nonnegative measure, we have

‘/h u:)h(u)v(l —f — wg)d)‘go

< bl ollaoeq@) [ (1= 5 = 05)dAS,

Therefore the inequality 0 < A2y < A?, and (4.43) and (4.44), imply

lim lim sup lim sup ‘/ B (uc)h(w)v(1 — f — 5 )dAE,| = 0. (4.54)
020 n—ooo  £—0 ’
In the same way we obtain
lim lim sup lim sup ’/ B (ue)h(u)v(1 — bf — b5 )dAS,| = 0.
6—0 n—oo e—0 ’

This conclude the proof of (4.38).

32



Since we have proved that u satisfies (4.25), to conclude the proof that wu is a
renormalized solution of (4.11), it remains to prove that we have

1

I f/ u, V) -V :/d+, 4.55

I gy @0 V) Ve = Joodp, (4.55)
|

I f/ u, V) -V :/d—. 4.56

5 e, 0w V) - Vg = |pdp, (4.56)

for any ¢ belonging to CP(€).

Since a(z,u, Vu) - Vu is positive, Remark 2.2 allows us to prove (4.55) and (4.56)
for ¢ € C=(Q).

As a consequence of (4.27), the convergence almost everywhere of u. to u (4.19)
and Fatou lemma, we have

1
lim sup —/ a(z,u,Vu) - Vuyp < / du !, (4.57)
n—+oo T Jn<u<22n Q
. 1 _
lim sup — a(z,u, Vu) - Vup < / wduy (4.58)
n—+oo N J-2n<u<—n Q

for any ¢ € C1(Q2) with ¢ > 0.

On the other hand, since u is solution of (4.11) in the sense of distributions, we can
use hy(u)y as test function in (4.38), where h,, is defined by (2.29) and ¢ € C§°(2).
Then, letting n goes to 400, we obtain

lim / hy (w)a(z,u, Vu) - Vuh) = —/deyj +/Q@/Jdus_, (4.59)

n—oo e}
for any 1 € Cg°(€2).
Let ¢ € CYQ) with ¢ > 0. Since 0 < ¢f < 1, 0 < ¢y < 1, we have

0 < (1 —¢5)¢d < ¢ and since ], 15 € C5°(Q), we get p(1 — ¥5 )Yy € G5 ().
Recalling that R/ (s) = %(_X{n<s<2n} + X{-2n<s<—n}) a.c. in IR, from (4.59), we get

1 1
lim inf /{ }a(x, u, Vu) - Vugp > liminf — a(x, u, Vu) - Vup(l — oy )i
n<u<2n

n—0oo 1 n—=00 1N J{n<u<2n}

> lim (-~ [ W (wale,u, Va) - up(1 - v7)v5 )

_/ = U5 W5 dpg = /Q@(l—wa_)l/}?du;
:/Q iy dps —/wag*duj —/ng(l—z/)g)1/);du;

Now we pass to the limit, as 6 — 0 in the above inequality. By (4.41) and (4.42) we
obtain

1
lim inf —/ a(z,u, Vu) - Vup > / odut
{n<u<2n} Q

n—oo n
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for any € C1(Q) with ¢ > 0. The above inequality and (4.57) imply that (4.55) holds
true for any ¢ > 0, ¢ € C*(Q) and therefore, it holds true also for any ¢ € C=(Q).
Similar arguments with the function (1 — v§ )15 give (4.56). This conclude the
proof that the function w is a renormalized solution of (4.11).
Fifth step. In this step we prove that Tj(u.) converges to Tj(u) strongly in W, ”(Q)
as € goes to 0, for any k& > 0. This is obtained by standard arguments (see, e.g. [BMul],
[DMOP]), so that we only sketch the proof.
On the one hand the coercivity of the operator a, the point-wise convergence of u.
and of Vu, (see (4.19) and (4.20)) together with Fatou lemma imply that for any k£ > 0

/Qa(x, Ti(u), VIi(u)) - VIi(u) < 1im_>iglf ) a(x, Tp(ue), VI (ue)) - VI (us).  (4.60)
On the other hand, since u is a renormalized solution to (4.11), using h, (ue)Tk(u.) as

test function in (4.15), letting first n goes to infinity and then e goes to zero allow to
show that

lim sup ; a(z, Ty(u:), VTi(u:)) - VTi(u.) < /Qa(x,u, Vu) - VTi(u). (4.61)

e—0

Therefore, (4.60) and (4.61) allow to conclude that

lim [ a(, Ti(u.), VIR(u2)) - VT(1) = /Q a(z, To(u), VTp(u) - VTi(u).  (4.62)
Standard integration arguments, the coercivity assumption (2.9) on a, the strict
monotonocity assumption (2.10) on a, the point-wise convergence of DT} (u.) and
Vitali’s theorem imply that

VTi(u.) — VTi(u)  strongly in (LP(Q))N.

This conclude the proof of fifth step and of Theorem 4.1 in the case where y = p—1
N
and ¢o € Lr—1"(Q), r < +00.

Now let us prove Theorem 4.1 under the assumption that (4.2) holds true with

v<p—1landc € LP%’OO(Q). As observed at the beginning of the proof of Theorem
4.1, the assumptions on «y and ¢ are used in the proof just to prove the estimates (4.13)
on |u.|[P~! and (4.14) on |Vu.|[P~! in the preliminary step and to prove (4.24) and (4.25)
in the second step. Therefore we will just prove that, under the new assumptions on ~
and co, (i.e. 7 < p—1and ¢ € L7 1(Q)), (4.13), (4.14), (4.24) and (4.25) hold true.
Since the rest of the proof is the same, this will conclude the proof.

In order to prove estimates (4.13) and (4.14) we follow by adapting the techniques
used in the proof of Theorem 3.2 above. Firstly we use in (4.15) the test function
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b (u:) Ty (ue) for every k > 0, where h,(s) is defined by (2.29) and, using calculations
similar to that of second step of the proof of Theorem 3.2, we get

IV T () oy < Mk + L™, Yk >0, (4.63)

for some M** > 0 and L** > 0. This implies, by Lemma 3.1, (4.13) and (4.14).

In order to prove (4.24) we use arguments similar to the proof of (4.26). Therefore,
since by generalized Sobolev inequality (2.7), Ty(u.) € LP-4(Q) for any p < t < +o0,
by the growth condition (3.10) on K., generalized Holder inequality (2.5) and (4.17),
we get

1 c

/n<|u6|<2n |Ks($;ue)||vue| S WHCO”L%V‘X’ +CWH01HLP'(Q)-

n (V)

This gives (4.24). In a similar way, we get also (4.25). m

Remark 4.5 Observe that the proof of Theorem 4.1 heavily needs conditions (4.24)
and (4.25) (for example, (4.24) and (4.25) are crucial to obtain (4.27) and (4.28)). This

led us to assume vy = p—1 and ¢ € L%”‘(Q), r<oocory<p—1landc € Lp%’oo(Q).
We explicitly remark that such assumptions are not due to the method which we use,
but the same assumptions are needed if one follows the proof of [DMOP].

Remark 4.6 Observe that we could prove Theorem 4.1 under the assumptions that
N
vy =p—1, ¢ € Lr-1>°(Q) with the norm of HCOHLI}%’M(Q) is small enough and that

the right-hand side u is a measure belonging to My(2). Indeed, using the test function
P (ue) Tk (ue) for every k > 0, where h,(s) is defined by (2.29) we easily get

IV T ()l < Mk +L, V>0 (4.64)

for some M and L. This implies, by Lemma 3.1, (4.13) and (4.14).
Moreover, since u is a renormalized solution of (4.11), it results

1

I f/ w, Vi) -V :/d+, 4,65

Jm n<u<2na(fvu u) - Vup | pdic (4.65)
1

I f/ u, V) -V :/d—, 1.66

m 72n<u<7na(fru u) - Vup = | edu, (4.66)

for every ¢ € CP(€). On the other hand y is a measure belonging to My(2). Therefore
we have pf = p; =0 in (4.65) and (4.66) which imply

1
lim lim — a(x,ue, Vue) - Vue o = 0. (4.67)

n—=00e=0 N J{n<|u|<2n}

Once we have (4.64) and (4.67), we can make the same proof of Theorem 4.1.

35



5 Proof of Theorem 2.10

Our goal is to prove that the terms H.(z,u., Vu.) and G.(x,u.) converge strongly
in L'(Q). This allows us to reconduce the proof to the stability result Theorem 4.1, by
using arguments similar to these used in [BMMP3].

In the rest of this Subsection, ¢ denotes a generic constant, which does not depend
on ¢ but can vary from line to line.

We begin by proving that the solution u. of (3.17) satisfies

{—@m@%ﬂw+&@%»=®ﬂm@+wﬂﬁmvm% (5.1)

Us € WOLp(Q) )
where

. = fe - Hﬁ(xvusv VUE) - Ga(%“é) + )‘? - A??
is bounded in L'(Q).

Indeed using the growth condition (3.12) on H., Theorem 3.2 and the generalized
Hoélder inequality (2.5), we get

e\, Uegy, VUe)||L1(Q)= e\, Ueg, V Ue
[R=E V| | Vu, )|
< c/ bo\Vu€|p_1+/ b (5.2)
Q Q
< lboll Ly Ve Pl ot ooy + 101l 210 < e

Moreover using the growth condition (3.15) on G, (3.19), the generalized Hoélder

inequality (2.5) and the fact that 0 <r < %jp}), we get

||Ga(377ua)||L1(Q)=/Q|G5(x,ua)| <
S/dllugl’#dg <
Q

< [l =gy l[luel”
< cldy

Lzoo(Q) T Hd2HL1(Q)
Q) + ||d2||L1(Q) S C.

i@l |Us|”_IHLN%p,w(

On the other hand, using T} (u.) as test function in (5.1), we easily obtain that for
some M and L, we have

/Q IVT(u)]P < Mk + L, (5.3)

for every k£ > 0 and every e.
Such an estimate and the growth condition (3.10) on K. allow us to use standard
techniques (cf. [BG2], [BMu] and [DMOP]) to say that a subsequence (which we still

36



denote by ¢) of the indices ¢ exists such that

Us —> U almost everywhere in (2,
Vu. = Vu almost everywhere in €, (5.4)
VTi(u:) = VTi(u) in (LP(Q))Y weakly,

for every fixed £ € IN, where u is a function which is measurable on €2, almost
everywhere finite and such that Ty(u) € W, ?(Q) for every k € IN, with a gradient
Vu as introduced in (2.19).

By (5.3) and by Fatou lemma, we deduce that

LIVTwp < Mk + L,
and Lemma 3.1 gives
Pt € L¥5(Q) and [Vul[P~ € L¥=1°(Q).
From (5.4) and the definition (3.8) of H., we deduce that
H.(z,u.,Vu.) - H(z,u,Vu) almost everywhere in 2. (5.5)

Moreover using the growth condition (3.12) on H., the generalized Holder inequality
(2.5) and Theorem 3.2, with a computation similar to (5.2)

H.(z,u.,Vu.) is equi-integrable.
Therefore Vitali Theorem implies that
H.(x,u., Vu.) — H(z,u, Vu) in L'() strongly.
In a similar way we prove that
G.(x,u.) — G(z,u) in L*(Q) strongly.

Therefore the solution wu. of (3.17) satisfies

—div(a(z, ue, Vu.) + Ke(z,u.)) = fo — V. —div(g) + div(F) + A2 — X2 in D'(Q),
{ us € Wy(Q),

(5.6)
where u. satisfies (5.4) and

U, = H.(x,u., Vu.) + Ge(z,u:) — H(z,u,Vu) + G(z,u)
in L'(Q) strongly,
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where g € (LP ()N, F € (L7 ()N and where f., AT and A2 satisfy (3.4), (3.5) and
(3.6).

Since u. is a weak solution of (5.6), it is also a renormalized solution of (5.6).
Therefore we can apply the stability result in the Section 4, which is an extension of
Theorem 3.2 proved in [DMOP] when K(z,s) = 0 (see also [MP] and [M]). It allows
us to assert that w is a renormalized solution of

—div(a(z,u, Vu) + K(z,u))+H(z,u, Vu)+G(z,u) = f—div(g)
+ut — py + div(F) in Q
u=20 on Of).

which proves Theorem 2.10. n
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